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Abst rac t  
Considerable progress  has  been made i n  r e f i n i n g  
t h e  previous ly  repor ted  theory  of t h e  d i f f u s e  
r e f l e c t a n c e  of p a r t i c u l a t e  media. 
A more accu ra t e  c a l c u l a t i o n  of t h e  absorp t ion  
l o s s  i n  t h e  p a r t i c l e s  has  been made and a f a c t o r  
a l lowing f o r  i n t e r p a r t i c l e  con tac t s  has  been in-  
c luded,  With these  changes, reasonably good f i t s  
a r e  obta ined  t o  experimental  d a t a  f o r  qua r t z ,  
ga rne t ,  g l a s s ,  corundum powders, and mixtures of 
t h e s e  f o r  p a r t i c l e  s i z e s  down t o  d Q h. The ob- 
served  p a r t i c l e  dependence is  now q u a l i t a t i v e l y  
given by t h e  theory.  For f i n e  p a r t i c l e s  a  mod- 
i f i e d  Lorentz-Lorenz theory  t h a t  a l lows f o r  t h e  
s k i n  depth of t h e  r a d i a t i o n  has  been t r i e d .  It 
appears t o  i n d i c a t e  t h a t  clumping of t h e  p a r t i -  
c l e s  must be taken i n t o  account.  The p r i n c i p a l  
remaining unresolved problem is  t h e  inadequate 
behavior  of t he  theory i n  reg ions  of anomalous 
d i spe r s ion  where n << 1. This  i s  p a r t i c u l a r l y  
- 1 
evident  i n  t h e  case  of corundum between 650 cm 
and 850 cm-'. A number of p o s s i b l e  explana t ions  
of t he  discrepancy a r e  considered.  
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I. INTRODUCTION 
A t  t he  beginning of t h i s  c o n t r a c t ,  s e v e r a l  years  of research  
had l e d  t o  t h e  development of a two p a r t  theory of r e f l e c t a n c e  of par- 
t i c u l a t e  s o l i d s .  The theory was based on fundamental p r i n c i p l e s  of 
o p t i c s  and guided by a sma l l  number of low r e s o l u t i o n  experiments on t h e  
i n f r a r e d  r e f l e c t a n c e  and emit tance s p e c t r a  of powders. These powders 
cons i s t ed  of r e l a t i v e l y  coarse  qua r t z  samples ( separa ted  by d ry  sieving 
and obta ined  from D r .  Thomas Rooney of t h e  A i r  Force Cambridge Research 
Labora tor ies )  and somewhat f i n e r  corundum samples obta ined  from t h e  
Microabrasives Corporation of West f ie ld ,  Massachusetts.  The reasons f o r  
t h e  choice of t hese  powders have been previous ly  e x p l a i n e d , l y 2  b u t  t h e r e  
were some u n s a t i s f a c t o r y  f a c t o r s  involved i n  t h e i r  use.  The qua r t z  
samples were contaminated wi th  an admixture of f i n e s  remaining from the  
dry s i e v i n g  sepa ra t ions  and t h e  f i n e s t  sample (< 531-1) was i n s u f f i c i e n t l y  
s epa ra t ed  so  a s  t o  adequately de f ine  i t s  e f f e c t i v e  p a r t i c l e  s i z e .  One 
f u r t h e r  qua r t z  sample having a bimodal s i z e  d i s t r i b u t i o n  i n  t h e  10~-20p  
reg ion  w a s  a l s o  s t u d i e d  and i t s  c h a r a c t e r i s t i c s  were somewhat d i f f e r e n t  
from those  of t h e  coa r se r  (> 531-1) qua r t z  powders. The corundum samples 
s u f f e r e d  from an approximate 5 : l  a spec t  r a t i o  of t he  p a r t i c l e s  s o  t h a t  
once aga in  the  p a r t i c l e  s i z e s  were somewhat uncer ta in .  However, they 
were a l l  i n  t h e  p a r t i c l e - s i z e  range l e s s  than 3 0 ~ .  
The two p a r t s  of our  theory  cons is ted  of a coa r se -pa r t i c l e  
theory based on geometr ical  o p t i c s  and a f i n e - p a r t i c l e  theory based on 
Rayleigh s c a t t e r i n g  and t h e  Lorentz-Lorenz theory  of d i e l e c t r i c s .  Corn-- 
p u t e r  c a l c u l a t i o n s  ind ica t ed  t h a t  t h e  s p e c t r a  of t he  quar tz  powders 
(except  t h e  101-1-201-1 sample) were reasonably w e l l  f i t t e d  by the  coarse- 
p a r t i c l e  theory i n  genera l  shape bu t  t h a t  only c e r t a i n  bands had t h e  
type of p a r t i c l e  s i z e  dependence p red ic t ed  by the  theory (Figures  l a  
and l b ) .  I n  f a c t ,  f o r  p a r t i c l e s  i n  t h e  s i z e  range s t u d i e d  experimental ly  
t h e  coa r se -pa r t i c l e  theory always produced g r e a t e r  r e f l e c t a n c e  wi th  d i -  
minished p a r t i c l e  s i z e .  I n  add i t i on ,  t he  r a t e  of change of r e f l e c t a n c e  
w a s  much l e s s  i n  p r a c t i c e  than i n  theory.  The f i n e - p a r t i c l e  theory 
1 
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WAVE NUMBER, c1n-l 
FIGURE la. EXPERIMENTAL REFLECTANCE OF QUARTZ POWDERS (LOW RESOLUTION). 
WAVE NUMEEF.. 
FIGURE Ib. THEORETICAL REFLECTANCE OF QUARTZ POWDERS (1970) 
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appeared necessary  i n  t h e  case  of t h e  corundum powder, b u t  a f a i r i n g - i n  
of t he  coa r se -pa r t i c l e  theory i n  c e r t a i n  s p e c t r a l  reg ions  w a s  necessary 
t o  adequately r ep re sen t  t h e  o v e r a l l  shape of t h e  spectrum. This w a s  not 
a r b i t r a r i l y  c a r r i e d  o u t ,  bu t  was guided by a c r i t e r i o n  based on the  f ine -  
p a r t i c l e  theory  c a l c u l a t i o n s ,  which produced a s c a t t e r i n g  c ross-sec t ion  
o rde r s  of magnitude l a r g e r  than  phys i ca l ly  reasonable.  Thus we assumed 
t h a t  i n  such s p e c t r a l  reg ions  t h e  theory  was c a r r i e d  beyond i ts  range of 
a p p l i c a b i l i t y .  Using t h e  f i n e - p a r t i c l e  theory  toge the r  wi th  t h e  coarse- 
p a r t i c l e  theory i n  c e r t a i n  s p e c t r a l  reg ions ,  we w e r e  a b l e  t o  produce t h e  
- 1 
f i t  shown i n  F igure  2a. The reg ion  nea r  800 cm could n o t  be f i t t e d  by 
e i t h e r  theory and was our  p r i n c i p a l  concern (Figure 2b). 
Both sub theo r i e s  r e q u i r e  knowledge of t h e  s p e c t r a l  behavior  of 
t h e  r e f r a c t i v e  index and absorp t ion  c o e f f i c i e n t  f o r  each of t h e  minera ls  
involved toge the r  w i th  t h e i r  p a r t i c l e  s i z e s  and volume f r a c t i o n s .  These 
fundamental parameters were used t o  c a l c u l a t e  i n t e r n a l  and e x t e r n a l  
v v sur face"  r e f l e c t a n c e  terms according t o  t h e  Fresne l  equat ions  and a . 
volume term ca l cu la t ed  from t h e  Kubelka-Munk two-beam equat ions  of r ad i -  
a t i v e  t r a n s f e r .  The c a l c u l a t i o n  of t h e  microscopic absorp t ion  and back.- 
s c a t t e r i n g  c o e f f i c i e n t s  from t h e  fundamental parameters i s  t h e  most v i t a l  
p a r t  of t h e  e n t i r e  theory.  It had been based on a random i n t e r f a c e  model. 
Arthur D Little, Inc. 
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11. THEOUTICAL DEVELOPMENTS 
A.  IMJ?ROVEMENTS I N  THE COARSE-PARTICLE THEORY 
A t  t h e  s t a r t  of t h e  p re sen t  c o n t r a c t  per iod  our  theory  f o r  a 
powder c o n s i s t i n g  of coarse  p a r t i c l e s  took the  form of a s t a t i s t i c a l  
model i n  which t h e  p a r t i c l e s  a r e  rep laced  by a s e r i e s  of randomly 
o r i e n t e d  i n t e r f a c e s  s e p a r a t i n g  reg ions  of r e f r a c t i v e  index m = n-ik from 
void reg ions  of index 1. I n  t h e  model, t h e  i n t e n s i t y  of t h e  r a d i a t i o n  
a t  a given depth below t h e  s u r f a c e  of t h e  powder i s  taken as a l o c a l  
average of t h e  i n t e n s i t i e s  i n  t h e  two r eg ions ,  t h e  i n t e n s i t y  i n  t h e  
reg ions  of index m be ing  n2 t i m e s  as l a r g e  as t h a t  i n  t h e  void regions.  
A weakness of t h i s  model is  t h a t  i n  a r e s t s t r a h l e n  band where 
t h e  absorp t ion  index k i s  l a r g e  t h e  p a r t i c l e s  become opaque and t h e  n 2 
i n t e n s i t y  f a c t o r ,  which i s  v a l i d  f o r  t r anspa ren t  p a r t i c l e s ,  becomes a 
r a t h e r  poor approximation. To avoid t h i s  d i f f i c u l t y  we have changed t h e  
d e f i n i t i o n  of t he  r a d i a t i o n  i n t e n s i t y  a t  any p o i n t  i n  t h e  powder t o  be 
t h e  l o c a l  i n t e n s i t y  i n  t h e  voids.  
This  change i n  d e f i n i t i o n  of t he  i n t e n s i t y  r e s u l t s  i n  a s i m -  
p l i f i c a t i o n  i n  t h e  boundary condi t ion  a t  t h e  s u r f a c e  of t h e  powder, 
Since t h e  e x t e r n a l  void space merges cont inuously i n t o  t h e  void spaces 
i n  t h e  powder, t h e  i n c i d e n t  r a d i a t i o n  a l s o  merges cont inuously i n t o  t h e  
forwards-directed p a r t  of t h e  d i f f u s e  r a d i a t i o n  i n  t he  void spaces i n  
t h e  powder. Therefore,  t h e r e  is  no longer  any need t o  inc lude  e x t e r n a l  
and i n t e r n a l  s u r f a c e  r e f l e c t a n c e s  a s  i n  t h e  previous model. 
I n  support  of t h e  new p o i n t  of view i t  is  t o  be noted t h a t  t h e  
Kubelka-Munk theory of d i f f u s e  l i g h t  propagat ion i n  pigments g ives  very  
good agreement wi th  experiment wi thout  tak ing  s u r f a c e  r e f l e c t i o n  i n t o  
account.  On t h e  o t h e r  hand, we have found ( i n  a s tudy  f o r  t h e  Boxboard 
Research and Development Assoc ia t ion)  t h a t  our  previous theory a l s o  works 
w e l l  f o r  pigments such as c l ay  and t i t an ium dioxide ,  which a r e  h ighly  
5 
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t r a n s p a r e n t  i n  the  v i s i b l e  p a r t  of t h e  spectrum. It t u r n s  ou t  i n  t h i s  
case  t h a t  t h e  o l d e r  theory  g ives  a  much h ighe r  va lue  of t h e  s c a t t e r i n g  
c o e f f i c i e n t  S, b u t  t h a t  t h e  inc rease  i n  s c a t t e r i n g  e f f i c i e n c y  is  almost 
e x a c t l y  compensated by t h e  l a r g e  i n t e r n a l  s u r f a c e  r e f l e c t i o n  t h a t  r e s u l t s  
from t h e  i n c l u s i o n  of t h e  r a d i a t i o n  w i t h i n  t h e  pigment p a r t i c l e s  i n  t h e  
d e f i n i t i o n  of t h e  l i g h t  i n t e n s i t y  i n  t h e  powder. However, i n  t h e  case  
of s t r o n g l y  absorbing p a r t i c l e s  i n  t h e  i n f r a r e d  reg ion  of t he  spectrum, 
ba lanc ing  of t h e  two e f f e c t s  i s  n o t  t o  be expected. 
I n  t h e  amended theory ,  we c a l c u l a t e  t h e  s c a t t e r i n g  a s  be fo re  
by means of t h e  random i n t e r f a c e  model. Since,  however, we no longer  
t ake  account of t h e  r a d i a t i o n  i n t e n s i t y  i n s i d e  t h e  p a r t i c l e s ,  w e  must 
now cons ider  t h e  e f f e c t  of a p a i r  of i n t e r f a c e s  belonging t o  t h e  same 
p a r t i c l e .  The d i f f u s e  r e f l e c t a n c e  R of such a  p a i r  of i n t e r f a c e s  can 
be  c a l c u l a t e d  approximately as though t h e  p a r t i c l e  were a  pa ra l l e l - s ided  
p l a t e  of e f f e c t i v e  th ickness  d. The r e s u l t  i s  
where R i s  t h e  d i f f u s e  e x t e r n a l  r e f l e c t a n c e  of one i n t e r f a c e  and 
0 
a = 4ak/A i s  t h e  absorp t ion  c o e f f i c i e n t  of t h e  p a r t i c l e  ma te r i a l .  This  
formula i s  based on incoherent  a d d i t i o n  of  t he  mul t ip l e  r e f l e c t i o n s  from 
t h e  two i n t e r f a c e s .  The d i s t a n c e  d is  the  e f f e c t i v e  s e p a r a t i o n  of t he  
p a i r  of i n t e r f a c e s  f o r  d i f f u s e  r a d i a t i o n ,  which i s  of t h e  o rde r  of twice 
t h e  mean sepa ra t ion .  
The con t r ibu t ion  of r e f l e c t i o n  t o  t h e  backsca t t e r ing  c o e f f i -  
c i e n t  S is  
1 
= - C N R  
' r e f l e c t i o n  2 j j j 
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where R is  t h e  va lue  of R f o r  mineral  j and N is  t h e  average number of j j 
i n t e r f a c e s  of mineral  j pe r  u n i t  l eng th  of any l i n e  i n  t h e  powder. The 
f a c t o r  of 112 inc ludes  a  f a c t o r  of 2  t o  al low f o r  t h e  g r e a t e r  pa th  taken 
on t h e  average by d i f f u s e  r a d i a t i o n  r e l a t i v e  t o  t h a t  f o r  a  p a r a l l e l  beam, 
a f a c t o r  of 112 t o  al low f o r  t h e  p o r t i o n  of t h e  r e f l e c t i o n  t h a t  i s  back- 
s c a t t e r e d ,  and a  f a c t o r  of 112 t o  al low f o r  t h e  f a c t  t h a t  (2)  inc ludes  
t h e  combined r e f l e c t i o n s  of two i n t e r f a c e s .  
The average t ransmi t tance  through a p a i r  of i n t e r f a c e s  is  
given by 
The con t r ibu t ion  of t h i s  r e f r a c t e d  r a d i a t i o n  t o  S i s  given by 
= .- *zN., 
' r e f r ac t ion  2 J j 
where 
The express ion  i n  pa ren thes i s ,  which is  derived i n  ou r  previous r e p o r t s ,  1,2 
gives  t h e  f r a c t i o n  of t h e  r e f r a c t e d  r a d i a t i o n  t h a t  i s  backsca t te red .  The 
f a c t o r  fi al lows f o r  t h e  random a d d i t i o n  of t h e  d e f l e c t i o n s  due t o  re-  
f r a c t i o n  a t  the  two i n t e r f a c e s .  The f a c t o r  112 al lows,  a s  be fo re ,  f o r  
t h e  f a c t  t h a t  (4) is  t h e  con t r ibu t ion  of two i n t e r f a c e s .  
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The t o t a l  backsca t t e r ing  c o e f f i c i e n t  S i s  the  sum of (2) and 
( 4 )  : 
S = ' r e f l e c t i o n  + ' r e f r a c t i o n  
A t  t h e  c e n t e r  of a s t r o n g  absorp t ion  band where a is  l a r g e ,  j 
t h e  c o n t r i b u t i o n  of S becomes n e g l i g i b l e  owing t o  t h e  f a c t o r  T . 
r e f r a c t i o n  j 
A t  t h e  same time S reduces t o  t h e  con t r ibu t ion  of f r o n t  sur -  
r e f l e c t i o n  
f a c e  r e f l e c t i o n s  R by each p a i r  of i n t e r f a c e s  of type j ,  according 
0 , j  
The r ev i sed  coa r se -pa r t i c l e  theory a l s o  inc ludes  an improved 
way t o  c a l c u l a t e  t h e  absorp t ion  c o e f f i c i e n t  K of t h e  powder. From (1) 
and (3) we can immediately o b t a i n  t h e  absorbance A of a  given p a i r  of j 
i n t e r f a c e s :  
The absorp t ion  c o e f f i c i e n t  K is  t h e  average absorbance pe r  u n i t  d l s t ance  
of t r a v e l  of  a  d i f f u s e  beam of r a d i a t i o n .  Therefore 
I n  t h i s  formula a  s l a n t  pa th  f a c t o r  of 2  i s  canceled by a  p a i r  f a c t o r  of 
1 /2 .  
The f a c t o r  N i n  express ions  (2 ) ,  ( 4 ) ,  and (8) i s  given by the  j 
formula 
where f  i s  t h e  volume f r a c t i o n  of minera l  j ,  s i s  t h e  mean s u r f a c e  a r e a  j 5 
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of type-j p a r t i c l e s  and v is  t h e  p a r t i c l e  volume. For r ec t angu la r  pas- j 
t i c l e s  of dimensions a  b j ,  c j  Eq (9) becomes j ' 
For spheres  of  diameter  d  t h e  r e l a t i o n  i s  j 
-2 N.' - 
J d; 
The theory  presented  so  f a r  should g ive  a  good approximation 
f o r  S and K f o r  p a r t i c l e s  t h a t  a r e  reasonably l a r g e  and reasonably w e l l  
s epa ra t ed  compared wi th  t h e  wavelength of t h e  r a d i a t i o n .  However, i n  a 
powder of coarse  p a r t i c l e s  t h e  gaps between t h e  p a r t i c l e s  are not  l a r g e  
compared wi th  t h e  wavelength, i n  t h e  immediate neighborhood of t h e  p o i n t s  
of contac t  between t h e  p a r t i c l e s .  I n  such a r e a s  t h e r e  is  an almost per- 
f e c t  o p t i c a l  bond between ad jacent  p a r t i c l e s  wherever t h e  i n t e r - p a r t i c l e  
gap i s  of t he  o rde r  of a  t e n t h  of a wavelength. This e f f e c t  causes an 
important  l o s s  of s c a t t e r i n g  e f f i c i e n c y  f o r  both r e f l e c t i v e  and r e f r ac -  
t i v e  s c a t t e r i n g .  To al low f o r  t h i s  l o s s  we must mu l t ip ly  S by a s u i t a b l e  
11 con tac t  f a c t o r .  " 
W e  w i l l  assume t h a t  t h e  con tac t  f a c t o r  is  equal  t o  t h e  f r a c t i o n  
of t h e  s u r f a c e  a r e a  of a  p a r t i c l e  remaining a f t e r  s u b t r a c t i n g  t h e  a r e a s  
around t h e  con tac t  p o i n t s  t h a t  a r e  almost completely bonded o p t i c a l l y .  
The a r e a  l o s t  a t  each con tac t  po in t  i s  r e l a t e d  t o  t h e  s i z e  of t he  c e n t r a l  
dark  f r i n g e  of t h e  Newton's r i n g  i n t e r f e r e n c e  p a t t e r n  a t  t he  contac t  
po in t .  The r e f l e c t a n c e  of t h e  gap i s  zero a t  t h e  p o i n t  of con tac t  and 
reaches t h e  f i r s t  maximum where t h e  gap th ickness  i s  X 1 4 ,  where X I s  
0 0 
the  f r e e  space wavelength of t h e  r a d i a t i o n .  We t h e r e f o r e  assume a s  a 
rough approximation t h a t  complete o p t i c a l  bonding occurs  a t  a l l  po in t s  
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where t h e  gap i s  less than  A 110 and t h a t  t h e  two i n t e r f a c e s  a c t  inde- 
0 
pendent ly of each o t h e r  everywhere e l s e .  For t h e  case  of spheres  of 
diameter  d t h e  gap g a t  a d i s t a n c e  r from a con tac t  p o i n t  i s  given 
approximately by 
Therefore,  f o r  g = X 110 we f i n d  f o r  t h e  o p t i c a l l y  bonded a r e a  a t  each 
0 
con tac t  po in t :  
The t o t a l  o p t i c a l l y  bonded a r e a  pe r  sphere depends on t h e  
number of con tac t  p o i n t s  Nc, which i n  t u r n  depends on the  volume fraci t ion 
f occupied by t h e  p a r t i c l e s .  We can d e r i v e  a r e l a t i o n  between N and f 
c 
by cons ider ing  t h e  va r ious  r e g u l a r  arrangements of spheres  as shorn in 
Figure 3. From these  numbers we o b t a i n  t h e  formula 
which i s  approximately c o r r e c t  f o r  f < 0.7. We w i l l  assume t h a t  Eq (141 
is  v a l i d  a l s o  f o r  randomly d i s t r i b u t e d  p a r t i c l e s .  
2 The t o t a l  area of each sphere  l o s t  by o p t i c a l  bonding is  n r  N . 
2 C The con tac t  f a c t o r  G i s  t h e  f r a c t i o n  of t h e  s u r f a c e  a r e a   IT^ t h a t  is  
l e f t  f o r  r e f l e c t i o n  and r e f r a c t i o n :  
The s c a t t e r i n g  c o e f f i c i e n t  S, which i s  t h e  sum of t h e  r e f i e c -  
t i o n  and r e f r a c t i o n  con t r ibu t ions  given by express ions  42) and' (41, must 
10 
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FIGURE 3. NUMBER OF CONTACTS PER SPHERE 
Arthur D Little, Inc 
be m u l t i p l i e d  by the  con tac t  f a c t o r  G. The co r r ec t ed  va lue  of S ,  from 
(10) and (11) is  t h e r e f o r e  p ropor t iona l  t o  G/d. This  exp la ins  why with 
decreas ing  p a r t i c l e  s i z e  t he  s c a t t e r i n g  e f f i c i e n c y  a t  f i r s t  i nc reases  as 
l / d  b u t  u l t i m a t e l y  f a l l s  o f f  r a p i d l y  t o  low va lues .  By maximizing G/d 
wi th  r e spec t  t o  d one can show t h a t  t h e  maximum value  of S occurs  when 
t h e  con tac t  f a c t o r  i s  112. 
A weakness of Eq (15) i s  t h a t  i t  p r e d i c t s  t h a t  t h e  con tac t  
f a c t o r  G becomes zero f o r  a  c e r t a i n  c r i t i c a l  va lue  of d. This  r e s u l t s ,  
of course ,  from our  "all  o r  nothing" t rea tment  of o p t i c a l  bonding. The 
formula should be r e f i n e d  t o  i nc lude  t h e  e f f e c t  of cont inuously v a r i a b l e  
o p t i c a l  bonding. Eq (15) does,  however, c o r r e c t l y  d e p i c t  t h e  main 
f e a t u r e s  of o p t i c a l  bonding. 
The d i f f u s e  r e f l e c t a n c e  R of t he  powder is  r e l a t e d  t o  the back- 
v 
s c a t t e r i n g  and absorp t ion  c o e f f i c i e n t s  S and K by t h e  Kubelka-Munk fo rnu la  
I f  t h e  i n c i d e n t  r a d i a t i o n  i s  col l imated ,  t h e  r e f l e c t a n c e  is  
modified s l i g h t l y  t o  t h e  form 
Eq (17) i s  t h e  c o r r e c t  form t o  use  i f  one wishes t o  c a l c u l a t e  t h e  normal 
emit tance E of t h e  powder by means of Kirchhoff 's  formula 
n 
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B. NEW FINE-PARTICLE THEORY 
We w i l l  show i n  a  l a t e r  s e c t i o n  t h a t  t h e  p re sen t  coarse- 
p a r t i c l e  theory  based on geometr ical  o p t i c s ,  wi th  a c o r r e c t i o n  f o r  wave 
i n t e r f e r e n c e  i n  t he  gaps between p a r t i c l e s ,  g ives  good agreement wi th  
experiment f o r  qua r t z  powders even when t h e  p a r t i c l e  s i z e  is  no t  too  
much g r e a t e r  than  t h e  wavelength. For s t i l l  sma l l e r  p a r t i c l e s  one ex- 
p e c t s  t h a t  wave i n t e r f e r e n c e  w i t h i n  t h e  p a r t i c l e s ,  a s  w e l l  a s  i n  t h e  
gaps, w i l l  become important and t h a t  o p t i c a l  bonding between p a r t i c l e s  
( con tac t  f a c t o r )  w i l l  be  enhanced. Under t h e s e  condi t ions  t h e  powder 
should behave o p t i c a l l y  more l i k e  a continuous medium than  a  s c a t t e r i n g  
medium, provided t h a t  t h e  p a r t i c l e s  a r e  d i s t r i b u t e d  q u i t e  uniformly i n  
space,  i . e . ,  n o t  clumped. We t h e r e f o r e  need a theory,  based completely 
on wave o p t i c s ,  f o r  c a l c u l a t i n g  t h e  average index of r e f r a c t i o n  of sucl? 
a f i n e - p a r t i c l e  medium. 
W e  have previous ly  at tempted t o  extend t h e  Lorentz-Lorenz 
theory  of t h e  d i e l e c t r i c  cons tan t  from t h e  case  of molecular-sized par- 
t i c l e s  t o  p a r t i c l e s  of macroscopic s i z e .  This  a t tempt  w a s  only p a r t i a l l y  
s u c c e s s f u l  because, we b e l i e v e ,  t h e  Lorentz-Lorenz theory  r ep re sen t s  t h e  
r a d i a t i v e  coupling between the  p a r t i c l e s  i n  terms of d i p o l e  i n t e r a c t i o n  
only.  I n  t h e  case  of p a r t i c l e s  wi th  s t r o n g  r e s t s t r a h l e n  bands t h e  r ad i -  
a t i o n  may p e n e t r a t e  only a  f r a c t i o n  of t h e  diameter  of t h e  p a r t i c l e .  
Under t h e s e  condi t ions  t h e  d ipo le  approximation is  very  poor. We have 
t h e r e f o r e  taken a new approach t o  t h e  problem which al lows f o r  t h e  r a p i d  
a t t e n u a t i o n  of t h e  waves i n  t h e  p a r t i c l e s .  
A s  i n  t h e  Lorentz-Lorenz theory  we cons ider  a  s p h e r i c a l  par- 
t i c l e  of r a d i u s  a  and complex index m l oca t ed  a t  t h e  c e n t e r  of a 
P 
s p h e r i c a l  c a v i t y  of r a d i u s  b i n  a continuous medium of complex index m. 
The r ad ius  b i s  chosen so  t h a t  t h e  empty volume around t h e  p a r t i c l e  i s  
equal  t o  t h e  p a r t i c l e ' s  sha re  of t h e  void space i n  t he  powder, i . e , ,  
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The continuous medium r e p r e s e n t s  t h e  average e f f e c t  on t h e  
c e n t r a l  p a r t i c l e  of a l l  o t h e r  p a r t i c l e s  and the  problem i s  t o  determine 
t h e  average index m of t h i s  medium of smeared-out p a r t i c l e s .  To do t h i s  
we apply a se l f -cons is tency  c r i t e r i o n  t h a t  f o r  an  ingoing s p h e r i c a l  wave 
i n  t he  continuous medium t h e  r e f l e c t e d  wave i s  unchanged i f  t h e  c e n t r a l  
p a r t i c l e  and i t s  surrounding l a y e r  of void space a r e  rep laced  by medium 
of index m. 
We cons ider  only s c a l a r  waves on the  ground t h a t  such waves 
usua l ly  g ive  a reasonable approximation t o  t he  average behavior of t h e  
two s t a t e s  of p o l a r i z a t i o n  of e lec t romagnet ic  waves. The waves i n  t h e  
t h r e e  reg ions ,  which a r e  s d l u t i o n s  of t h e  Helmholtz equat ion  
a r e  
'medium = D jo (Kr) (23) 
where jo 3 Yo are s p h e r i c a l  Bessel  func t ions  of o rde r  ze ro ,  K = 2nvm , 
P P 
KO = 2rv ,  K = ~ I T V I R ,  and v i s  t h e  frequency i n  wavenurnbers. The Bessel  
func t ions  have the  form 
s i n  z j o ( z >  = -Z 
cos Z 
yo (2) = -Z 
Since 4 p a r t i c l e  must be  f i n i t e  a t  t h e  o r i g i n ,  Eq (21) conta ins  
* 
The wave v e c t o r  K i n  t h i s  equat ion  is  n o t  t o  be confused wi th  t h e  
Kubelka-Munk absorp t ion  eoef f i c i e n t  K. 
14 
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only jo. Likewise (23) con ta ins  only  jo s i n c e  according t o  our  c r i t e r i o n  
t h i s  equat ion  must remain t h e  same (and be  everywhere f i n i t e )  when t h e  
c a v i t y  i s  f i l l e d  w i t h  t h e  same medium. 
The waves given by (21) ,  (22) ,  and (23) have t o  s a t i s f y  the 
boundary condi t ions  t h a t  and a$/ar  a r e  continuous a t  r = a and r = b .  
This  g ives  f o u r  l i n e a r  homogeneous equat ions  i n  t he  amplitudes A ,  B ,  6 ,  
and D. For cons is tency  t h e  determinant  of t h e  c o e f f i c i e n t s  of t hese  
f o u r  equat ions  must be zero,  which g ives  t h e  r e l a t i o n  
where t h e  primes i n d i c a t e  f i r s t  d e r i v a t i v e s .  
On expanding t h e  above determinant  and c o l l e c t i n g  t h e  terms 
conta in ing  mK b we g e t  an equat ion  of t h e  form 
0 
& 
= W 
t a n  z 
where z = 2lrvbm and W i s  a func t ion  of t h e  known q u a n t i t i e s  m , v, a ,  
P 
and b. 
Since t h e  s o l u t i o n  t o  Eq (26) i s  mult ivalued we have t o  s t a r t  
t h e  computer c a l c u l a t i o n  wi th  a s i t u a t i o n  f o r  which t h e  s o l u t i o n  is  
known. Such a case  i s  where f  = 1 ( i . e . ,  b = a ) ,  f o r  which m i s  clearly 
equal  t o  m . We then change f by sma l l  s t e p s  and so lve  Eq (26) by P 
15  
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Newton's method us ing  t h e  previous ly  found va lue  of m as t h e  s t a r t i n g  
va lue  i n  Newton's procedure. Of course,  W has  t o  be re-evaluated a t  
each s t e p  s i n c e  i t  i s  a func t ion  of f .  This  method of s o l u t i o n  proves 
t o  be  workable provided t h a t  b and a a r e  reasonably smal l  compared wi th  
t h e  wavelength. I n  o t h e r  words, t h e  computation p re sen t s  no d i f f i c u l t i e s  
under condi t ions  where t h e  concept of an average index of r e f r a c t i o n  of 
t he  powder is  meaningful. 
I f  we at tempt  t o  extend t h e  method t o  p a r t i c l e  s i z e s  and spac- 
i ngs  of t h e  o rde r  of t h e  wavelength o r  l a r g e r ,  t h e  c a l c u l a t e d  va lues  of 
m as a func t ion  of v show d i s c o n t i n u i t i e s  which i n d i c a t e  t h a t  t h e  solu- 
t i o n  jumps from one branch t o  another  of t he  mul t ip l e  valued func t ion  
z(W). These jumps a r e  a s soc i a t ed  wi th  t h e  breakdown of Newton's sethood 
of ob ta in ing  the  r o o t s  of Eq (26) when t h e  t r a j e c t o r y  i n  t h e  z-plane 
corresponding t o  s t epp ing  i n  f  comes c l o s e  t o  a branch p o i n t  of Eq (261, 
i . e . ,  t o  a va lue  of z f o r  which dw/dz = 0. It appears t h a t  t h e  roo t  
jumping behavior  i n d i c a t e s  t h a t  t h e  p a r t i c l e s  are s o  l a r g e  o r  so  widely 
spaced t h a t  t he  concept of a unique average index of r e f r a c t i o n  does no t  
apply t o  t h e  system. 
The va lues  of z ,  and t h e  corresponding va lues  of W ,  f o r  t h e  
f i r s t  t h r e e  branch p o i n t s  of Eq (26) a r e  a s  fol lows:  
A rough c r i t e r i o n  f o r  t h e  a p p l i c a b i l i t y  of t he  f i n e - p a r t i c l e  
theory i s  t h e r e f o r e  t h a t  t h e  cons t an t s  m , v ,  a ,  and b must be such t h a t  
P 
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We have checked t h i s  c r i t e r i o n  f o r  t h e  c a s e  of 2p p a r t i c l e s  of 
corundum f o r  f  = 0.3. The c r i t e r i o n  i s  s a t i s f i e d  over  almost t h e  whole 
spectrum and the  computed va lue  of m(v) shows no evidence of branch 
jumping. F igures  4 and 5 show p l o t s  of n (v )  and k (v )  f o r  a  powder o f  2p 
corundum p a r t i c l e s  w i th  an o v e r a l l  volume f r a c t i o n  of 0.3 (E 1 12 = 0 . 2 ,  
E 1 1  C = 0.1) .  Also shown a r e  t h e  va lues  of n  and k f o r  both orients.- 
P P 
t i o n s  of corundum and t h e  p r e d i c t i o n s  of t h e  Lorentz-Lorenz theory.  
It i s  seen  t h a t  t h e  average i n d i c e s  c a l c u l a t e d  from t h e  
s p h e r i c a l  wave model have the  gene ra l  shape of t h e  p a r t i c l e  i n d i c e s  b u t  
are reduced by the  e f f e c t  of t h e  voids .  This  appears  t o  u s  t o  be an 
improvement over  t h e  Lorentz-Lorenz f i n e - p a r t i c l e  theory.  
The F resne l  s u r f a c e  r e f l e c t a n c e  of t h e  powder computed from 
t h e  s p h e r i c a l  wave model va lues  of n  and k of Figures  4 and 5 i s  shorn 
i n  F igure  6 i n  comparison wi th  t h e  measured r e f l e c t a n c e  f o r  1 0 ~  coauindum 
p a r t i c l e s .  One s e e s  t h a t  t h e  t h e o r e t i c a l  spectrum i s  much too  h igh  and 
any changes wi th  p a r t i c l e  s i z e  between 2u and 1 0 ~  w i l l  be  unable t o  
remedy t h e  problem. 
The most l i k e l y  reason f o r  t h i s  d i s p a r i t y  i s  t h a t  t h e  f i n e  
p a r t i c l e s  a r e  n o t  uniformly d ispersed  as assumed i n  t he  theory.  Micro- 
s cop ic  examination of t h e  powder samples indeed shows t h a t  t h e  d i s t r i -  
bu t ion  of t h e  p a r t i c l e s  i s  f a r  from uniform f o r  t h e  f i n e r  p a r t i c l e s .  
Under t hese  condi t ions  we should use a  clump model and conclude, as i n  
t h e  case  of t h e  coa r se -pa r t i c l e  theory ,  t h a t  t h e  c o n t r i b u t i o n  of t h e  
F re sne l  s u r f a c e  r e f l e c t i o n  should be  omit ted.  For f i n e  a s  w e l l  a s  f o r  
coarse  p a r t i c l e s ,  t he re fo re ,  only volume r e f l e c t i o n  is  t o  be included.  
The volume r e f l e c t i o n  f o r  f i n e  p a r t i c l e s  w i l l  i n  genera l  c o n s i s t  of two 
parts--Fresnel  r e f l e c t i o n  from t h e  s u r f a c e  of clumps and Raylekgh 
s c a t t e r i n g  from t h e  i n d i v i d u a l  p a r t i c l e s  w i t h i n  t h e  clumps. I n  t h i s  
r e p o r t  we w i l l  d e a l  on ly  wi th  t h e  Rayleigh con t r ibu t ion .  
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FIGURE 6 .  FAILURE OF A THEORETIC& SURFACE TERM TO PRODUCE AGREEPENT WITH EXPERIMENT. 
To c a l c u l a t e  t h e  Rayleigh s c a t t e r i n g  we cons ider  each 
p a r t i c l e  i n  a clump t o  be  surrounded by a  medium t h a t  has  t h e  average 
index of r e f r a c t i o n  n  given by t h e  new theory  ( s p h e r i c a l  wave model) 
desc r ibed  above. The c o n t r a s t  between t h i s  index and t h e  index n  of 
2  2 2 P  t h e  p a r t i c l e  g ives  r i s e  t o  s c a t t e r i n g  p ropor t iona l  t o  (n - n ) 
P 
whi le  t h e  voids ,  of index 1, give  a  con t r ibu t ion  p ropor t iona l  t o  
2 2  ( 1  - n ) . These con t r ibu t ions  a r e  weighted wi th  r e spec t  t o  t h e  two 
volume f r a c t i o n s .  The d e t a i l s  of t h e  Rayleigh s c a t t e r i n g  theory  a r e  
given i n  our  e a r l i e r  r e p o r t s .  1 , 2  
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111. EXPERIMENTAL MODIFICATIONS 
The appara tus  f o r  our  emit tance rlneasurements u s ing  Four ie r  
spectroscopy w a s  descr ibed  i n  our  previous r e p o r t s .  9 2  A t  t h e  incept ion  
of t h i s  work we proceeded t o  c a r r y  ou t  a  number of powder emit tance 
measurements. We immediately ran  i n t o  va r ious  experimental  d i f f i c u l t i e s  
t h a t  i n  r e t r o s p e c t  appear t o  have r e s u l t e d  from a v a r i e t y  of i n t e n n i t t e n t  
p e r i p h e r a l  problems. These were such as t o  g ive  dubious, somewhat v a r i -  
a b l e  r e s u l t s .  We concluded t h a t  an overhaul  of t h e  system was i n  o rde r ,  
and t h i s  involved a v a r i e t y  of changes. 
The in t e r f e rome te r  i t s e l f  w a s  o p t i c a l l y  r ea l igned  and mounted 
on a spring-suspended p l a t fo rm i n  such a way a s  t o  e l imina te  mechanical 
v i b r a t i o n s .  Hor izonta l  a c c e l e r a t i o n s  i n  p a r t i c u l a r  have been found t o  
impair  r e s o l u t i o n  of t h e  instrument  and t h e  p la t form was e s p e c i a i l y  
designed t o  deal wi th  t h i s  problem (see Figure 7).  The usual electrical 
f requencies  i n  our  measurements have ranged from about 2  t o  10 Hz. In 
o rde r  t o  have somewhat more f l e x i b i l i t y  i n  t h i s  regard ,  t h e  passband of 
t h e  s i g n a l  a m p l i f i e r s  w a s  extended. We hoped t o  t ake  advantage of t he  
reduct ion  of mechanical v i b r a t i o n s  by our  new spring-mounted p la t form 
(resonance frequency nea r  1 Hz), and t h e  expected decrease  i n  i n t e r f e r -  
ometer d r i v e  n o i s e  a t  h ighe r  f requencies .  Barnes Engineering Company 
r epor t ed  t h a t  t h e  s ignal- to-noise r a t i o  of t h e  t r i g l y c i n e  s u l f a t e  
p y r o e l e c t r i c  d e t e c t o r  f a l l s  only s lowly between 10 and 100 Hz. I n  prac- 
t i c e ,  h ighe r  frequency opera t ion  has  proved t o  be of no advantage. The 
pu l se s  produced by both  t h e  whi te  l i g h t  and l a s e r  channels proved t o  be 
somewhat e r r a t i c  and t h e  causes f o r  t h i s  were t racked  down and remedied. 
Fur ther  improvement i n  t h i s  a r e a  w i l l  r e s u l t  when a  new beamsp l i t t e r  
(made e n t i r e l y  ou t  of KRS5) is  i n s t a l l e d .  As w e  were o r i g i n a l l y  i n  the 
p o s i t i o n  of having t o  process  our  d a t a  a l l  t h e  way through our  IBM Sys- 
tem 360 be fo re  we knew i f  t h e r e  were t roub le s  wi th  each experiment,  a  
number of d i agnos t i c  r ea l t ime  computer programs were w r i t t e n  t h a t  have 
made check-out and t roubleshoot ing  much f a s t e r  and s impler .  
Arthur D Little, Inc. 
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Reruns of d a t a  p rev ious ly  obta ined  i n d i c a t e d  t h a t  t h e  back- 
ground s p e c t r a  have g radua l ly  changed wi th  time and cha t  our  method of 
ca r ry ing  ou t  double-beam experiments w i t h  sample and "blackbody" runs  1,2 
d i d  n o t  e n t i r e l y  compensate f o r  t h i s  e f f e c t .  This  was proven by making 
a number of "blackbody" runs a t  d i f f e r e n t  temperatures  and f i n d i n g  t h a t  
i f  one was t r e a t e d  as a sample, some dev ia t ion  from a s t r a i g h t  l i n e  a t  
u n i t  e m i s s i v i t y  w a s  produced by our  method. This  is  understandable i f  
any elements i n  t h e  o p t i c a l  t r a i n  have apprec i ab le  absorp t ion  and there-  
f o r e  emission s p e c t r a .  Our program would compensate f o r  t ransmiss ion  o r  
r e f l e c t i o n  l o s s e s  b u t  n o t  f o r  s e l f  emission terms. These can be impor- 
t a n t  and r e s u l t  i n  some dev ia t ions  from proper  va lues  of sample emi t tance  
a s  t h e  measurements a r e  a l l  made a t  temperatures  near  ambient. To elim- 
i n a t e  t h i s  problem a new c a l i b r a t i o n  scheme was worked ou t  based on t h e  
measurement of two d i f f e r e n t  "blackbody" rad iances  immediately be fo re  o r  
a f t e r  t h e  sample measurements. This  involves  l i t t l e  a d d i t i o n a l  e f f o r t  
a s  t h e  bulk  of t h e  t ime r equ i r ed  f o r  measurements is  spent  wa i t i ng  f o r  
thermal  equ i l i b r ium t o  be  e s t a b l i s h e d  i n  our  sample chamber. The d e t a i l s  
of t he  new c a l i b r a t i o n  technique are given i n  Appendix A. A s  a r e s u l t  of 
our  a n a l y s i s  we a r e  c u r r e n t l y  ope ra t ing  t h e  s h i e l d  f o r  our  measurements 
a t  room temperature a s  i t  i s  e n t i r e l y  unnecessary t o  coo l  t h i s  s h i e l d  t o  
cryogenic temperatures  a s  long a s  i t s  temperature and emit tance a r e  
s u f f i c i e n t l y  w e l l  known. 
This  r e s u l t  t oge the r  wi th  t h e  d e s i r e  t o  be a b l e  t o  ope ra t e  
under vacuum and our  experience wi th  ou r  prev ious  sample chamber l e d  us 
t o  c o n s t r u c t  an improved ve r s ion .  
The new sample chamber ( s ee  F igure  8) i s  designed t o  be  vacuum 
t i g h t  and i s  equipped wi th  pumps and gauges thus  al lowing us t o  work a t  
any p re s su re  i n  a c l ean  and w e l l  def ined  a r t i f i c i a l  atmosphere o r  i n  a 
vacuum. By imaging t h e  a p e r t u r e  of t h e  in t e r f e rome te r  cube on t h e  sample 
wi th  a delaagnif icat ion f a c t o r  of 1 .5 ,  t h e  t o t a l  r equ i r ed  sample volume 
has  been reduced t o  approximately 2.5 c c  and t h e  o p t i c a l l y  e f f e c t f v e  
2 
s u r f a c e  a r e a  t o  approximately 2 . 3  cm . Our p re sen t  sample volume is  
2 4 
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FIGURE 8. EMITTANCE OPTICS. 
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w e l l  overs ized  a t  11.58 c c  wi th  a s u r f a c e  a r e a  of 10.5 cm . The f i g u r e  
shows t h e  sample t u r n t a b l e ,  t h e  b lack  c a v i t y ,  and the  top s f  t h e  vacuum 
chamber. A simple p re s su re  gauge enables  us  t o  b a c k f i l l  convenient ly 
w i t h  dry  n i t rogen .  A P i r a n i  vacuum gauge i s  used dur ing  h igh  vacuum 
work. 
The p r i n c i p a l  problem i n  making sample emit tance measurements 
is  t h a t  of temperature measurement. We measure t h e  c a v i t y ,  i n t e r f e r -  
ometer, "blackbody" and sample t r a y  temperatures  by means of p reca l i -  
b r a t e d  p r e c i s i o n  thermis tors .  The depa r tu re  from cryogenic techniques 
has made t h e  n e t  h e a t  flow t o  t h e  c a v i t y  n e g l i g i b l e  and t h i s  has  g r e a t l y  
eased our concerns about t h e  i so thermal  cha rac t e r  of our  b lack  c a v i t y ,  
The p r i n c i p a l  remaining problem i n  temperature measurement i s  
t o  f i n d  t h e  app ropr i a t e  "surface" temperature f o r  t h e  powder. To t h i s  
end we have s t r e t c h e d  copper-constantan d i f f e r e n t i a l  thermocouples o f  
2-mil diameter  h o r i z o n t a l l y  ac ros s  t h e  sample t r a y  a t  d i f f e r e n t  he igh t s ,  
The f i r s t  p a i r  measures t he  d i f f e r e n c e  between the  sample t r a y  tempera-. 
t u r e  and a s t a t i o n  0.719 cm above t h e  t r a y .  The second p a i r  measures 
t h e  d i f f e r e n c e  between t h a t  s t a t i o n  and a second s t a t i o n  0.254 cm higher  
and 0.127 cm below t h e  nominal s u r f a c e  ( see  Figure 9 ) .  The "surface'" 
temperatures  thus  es t imated  produce emit tance curves t h a t  gene ra l ly  
appear  t o  be  w i t h i n  0.5OC of t h e  temperature i n f e r r e d  from t h e  Chr is t ian-  
sen  frequency technique previous ly  used. There were, however, a few 
cases  of s i g n i f i c a n t l y  l a r g e r  e r r o r s .  One source of e r r o r  i n  t h i s  tech- 
nique occurs  with a s u b s t a n t i a l  temperature grad ien t .  The reg ion  of t h e  
Chr i s t i ansen  frequency i s  s u f f i c i e n t l y  t r anspa ren t  s o  that t h e  r a d i a t i o n  
measured o r i g i n a t e s  from depths up t o  200p f o r  both corundum and 
quar tz .  Thus, a s  our  measured temperature g rad ien t s  ranged from 4"/cm 
t o  40°/cm (vacuum experiments) ,  t h e  l a r g e s t  e r r o r  t o  be expected from 
t h i s  e f f e c t  would be  about 0.8"C. 
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I V .  RESULTS 
A. QUARTZ POWDERS 
A t  t he  t ime of our  most r e c e n t  r e p o r t 2  D r .  Warren Hovis of t h e  
Goddard Space F l i g h t  Center  of NASA informed us t h a t  t h e  f i t  between our  
t h e o r e t i c a l  curves and h i s  experimental  d a t a  was even b e t t e r  than  shown 
i n  F igure  1. He k ind ly  consented t o  make some r e f l e c t a n c e  measurements 
on some of our  powders, us ing  a Cary Model 90 Spectrophotometer.  The 
d a t a  i n  t h e  r e l e v a n t  s p e c t r a l  range are shown i n  Figure 10.  Note t h e  
cons iderably  a l t e r e d  s p e c t r a l  shape f o r  t h e s e  two samples. This  w i l l  be  
commented on below. A t  t h e  same time D r .  Hovis commented t h a t  he had 
run va r ious  s p e c t r a  of minera l  samples and c e r t a i n  f e a t u r e s  continued t o  
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sharpen down t o  r e s o l u t i o n s  of about 2 cm . This  information toge the r  
w i th  t h e  p r e s e n t  s t o r a g e  c a p a b i l i t y  by our  Hewlett Packard 2116B mini- 
computer e s t a b l i s h e d  t h e  r e s o l u t i o n  we have used dur ing  t h i s  y e a r ' s  work. 
Our t y p i c a l  runs  c o n s i s t  of 10 coaddi t ions  and t ake  approximately 30 
minutes f o r  t h e  set f o r  each sample a t  t h i s  r e so lu t ion .  
The va r ious  photographs taken of t h e  "coarsen-quartz powders 
used i n  our  prev ious  work i n d i c a t e d  t h a t ,  as D r .  Rooney had informed us ,  
t h e  p a r t i c l e  s i z e s  were only  nominal and a g r e a t  many f i n e s  contaminated 
t h e  supposedly coa r se -pa r t i c l e  samples. I n  a d d i t i o n ,  t h e  " 5 3 ~  < d < 6%'' 
sample contained some p a r t i c l e s  as l a r g e  a s  1141-1. These must have passed 
through t h e  s i e v e  edgewise. P a r t i c l e  s i z e  d i s t r i b u t i o n  measurements were 
made on t h e  "531-1 < d < 631-1" sample and whi le  t h e  volume f r a c t i o n  of f i n e s  
w a s  q u i t e  s m a l l ,  a l a r g e  number of them were observed (93% by nurnber, b u t  
on ly  4% by volume w e r e  l e s s  than  531-1). We decided t o  remove t h e  f i n e s  
from t h e s e  samples as fol lows:  
Po r t ions  of t he  samples were a g i t a t e d  u l t r a s o n i c a l l y  i n  a 1:1 
ethanol-water mixture f o r  a p p r o x i m t e l y  1 5  minutes. A f t e r  a s h o r t  s e t -  
t l i n g  pe r iod ,  t h e  p a r t i c l e s  i n  suspension were decanted from t h e  m a t e r i a l  

t h a t  had s e t t l e d  t o  t h e  bottom of t h e  conta iner .  This process  was re- 
peated t h r e e  o r  f o u r  t imes u n t i l  a g i t a t i o n  d id  no t  produce s i g n i f i c a n t  
suspended ma te r i a l .  
The r e s i d u a l  l a r g e  p a r t i c l e s  were then  t r e a t e d  wi th  e thano l  
(95%) on a s i e v e  f a b r i c a t e d  from two l a y e r s  of s i l k - sc reen  c l o t h .  The 
c l o t h  has  e f f e c t i v e  openings of 5 5 ~ 1  squares .  The two l a y e r s  were o r i -  
en ted  a t  45' s o  t h a t  t h e  openings were 55u a t  most. The s i e v e  w a s  vi- 
b r a t e d  dur ing  t h e  a l coho l  t rea tment  s o  t h a t  t h e  sma l l e r  p a r t i c l e s  would 
be  washed through t h e  openings wh i l e  most l a r g e r  p a r t i c l e s  would be  
r e t a ined .  The same procedure w a s  used f o r  s e v e r a l  d i f f e r e n t  samples of 
q u a r t z  powder. Usual ly,  t h r e e  o r  f o u r  washing cyc le s  were s u f f i c f e n t  t o  
remove t h e  f i n e s  l e f t  a f t e r  t h e  suspension t reatment .  Figure l l a  sliows 
t h e  e f f e c t  of t h i s  t rea tment .  Figure l l b  shows a scanning e l e c t r o n  
micrograph of t h e  170~1  samples as they  appear i n  our  experiments.  
Some of t h e  m a t e r i a l  removed from t h e  l a r g e  p a r t i c l e s  when 
d r i e d  wi th  h e a t  showed a c o l o r a t i o n  which i s  assumed t o  be from decom- 
posed o rgan ic  ma te r i a l .  It w a s  n o t i c e a b l e  t h a t  t h e  "cleaned" p a r t i c l e s  
have a much l e s s  gray c o l o r a t i o n  than  do t h e  f i n e s  o r  t h e  s t a r t i n g  
m a t e r i a l .  
Our experimental  r e s u l t s  on t h r e e  of t he  samples of coarse- 
qua r t z  powders and one sample of f ine-quar tz  powder a r e  shown i n  Figure 
12a. The d a t a  are shown a s  r e f l e c t a n c e  (1-emittance) i n  o rde r  t o  f a c l l -  
i t a te  comparisons wi th  theory.  The volume f r a c t i o n s  and p a r t i c l e  s i z e s  
f o r  t h e  coa r se  samples were used t o  produce t h e  t h e o r e t i c a l  curves shown 
i n  F igure  12b. While t h e  p a r t i c l e  s i z e s  used a r e  approxinrations t o  t he  
a c t u a l  s i z e ,  t h e  t r ends  wi th  p a r t i c l e  s i z e  a r e  c l e a r l y  i nd ica t ed .  We 
have e s t a b l i s h e d  i n  o t h e r  t h e o r e t i c a l  runs  t h a t  r ep re sen t ing  t h e  spectrum 
by a d i s p e r s i o n  of p a r t i c l e  s i z e s  makes only  a minor d i f f e r e n c e  t o  t h e  
t h e o r e t i c a l  r e s u l t s  when the  p a r t i c l e s  a r e  a s  c l o s e l y  s i z e d  as these .  
The improvement i n  f i t  when compared wi th  F igures  l a  and l b  i s  apparent .  
Arthur D Little, linc. 
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Theore t i ca l  r e s u l t s  f o r  f i n e - p a r t i c l e  s i z e s  amplify t h e  t r ends  shorn  b u t  
do n o t  keep pace wi th  t h e  experimental  r e s u l t s .  
A t  t h e  same t i m e  we r e r a n  s e v e r a l  samples of t h e  "as received" 
qua r t z  powders under t h e  improved r e s o l u t i o n .  They a r e  compared with 
t h e  s p e c t r a  of t h e  cleaned samples i n  Figure 13. Ce r t a in  shape changes 
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a r e  ev ident .  The f e a t u r e s  p a r t i c u l a r l y  between 1000 cm and 1300 
may be expla ined  q u a l i t a t i v e l y  by observa t ion  of a h igh  r e s o l u t i o n  spec- 
trum of t h e  l o p  t o  20p qua r t z  sample r e f e r r e d  t o  prev ious ly .  The par- 
t i c l e  s i z e  d i s t r i b u t i o n  f o r  t h e  l a t t e r  m a t e r i a l  shows t h e  g r e a t e s t  volume 
f r a c t i o n  t o  be centered  a t  about  12p, bu t  a second peak i n  t h e  d i s t r i b u -  
t i o n  occurs  nea r  19p. The volume f r a c t i o n  below 4p i s  n e g l i g i b l e .  While 
w e  do n o t  cons ider  t h i s  f i n e r  qua r t z  sample t o  have a similar d i s t r i b u -  
t i o n  t o  t h e  removed f i n e s ,  we do b e l i e v e  t h e  f i g u r e  is  i n s t r u c t i v e .  It 
demonstrates t h e  l a r g e  change i n  emi t tance  t h a t  can r e s u l t  from an 
a l t e r e d  p a r t i c l e - s i z e  d i s t r i b u t i o n  when f i n e  p a r t i c l e s  a r e  mixed w i t h  
coa r se  p a r t i c l e s .  The spectrum of t h i s  sample can be compared wi th  tlne 
r e f l e c t a n c e  d a t a  obta ined  by D r .  Hovis and shown i n  Figure 10. men regard 
i s  given t o  t h e  change of s c a l e ,  t h e  comparison i s  q u i t e  good. Figure 1 4  
i n d i c a t e s  t h a t  t h i s  sample shows c e r t a i n  f e a t u r e s  p red ic t ed  from t h e  
coa r se -pa r t i c l e  theory ,  b u t  a t  t h e  same t i m e  has  some very  d i s t i n c t i v e  
f e a t u r e s .  Resu l t s  of t h e  p re sen t  f i n e - p a r t i c l e  theory ,  a l s o  shown i n  
F igure  14 ,  i n d i c a t e  t h a t  t h e r e  a r e  s p e c t r a l  reg ions  where t h e  two theo- 
r i e s  a r e  i n  s u b s t a n t i a l  agreement, b u t  t h a t  i n  o t h e r  reg ions  (1050 cmb 
-1 t o  1400 em ) t h e  f i n e - p a r t i c l e  theory  i s  r equ i r ed  t o  produce a spectrum 
showing t h e  same f e a t u r e s  a s  t h e  d a t a  f o r  t h e  lop  t o  2 0 ~  sample. We 
have shown f i n e - p a r t i c l e  theory r e s u l t s  f o r  a s i z e  much smal le r  than  t h e  
a c t u a l  l o p  t o  20p sample would i n d i c a t e ,  b u t  t h e  app ropr i a t e  s i z e  t o  be 
used i n  t h e  f i n e - p a r t i c l e  theory i s  a c t u a l l y  a c o r r e l a t i o n  d i s t ance  
r a t h e r  than an a c t u a l  p a r t i c l e  s i z e .  We a r e  s t i l l  i n  t h e  process  of 
t r y i n g  t o  e s t a b l i s h  t h e  p r e c i s e  meaning of t h i s  d i s t a n c e ,  
It should be observed t h a t  t h e  d a t a  f o r  t h e  l o p  t o  2 0 ~  sanple  
i s  d r a s t i c a l l y  d i f f e r e n t  from t h e  coa r se -pa r t i c l e  samples i n  t h e  s p e c t r a l  
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FIGURE 1 3 .  REFLECTANCE OF QUARTZ POWDERS: THE EFFECT OF A SHALL VOLUME OF FINES.  
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region  between 1000 cm and 1200 cml .  Between 1100 cm-l and 1200 cm-l 
i s  t h e  reg ion  of anomalous d i spe r s ion  and the  r e f r a c t i v e  index n i n  t l n i s  
r eg ion  f a l l s  t o  va lues  nea r  0.1, whi le  t h e  absorp t ion  index k has va lues  
i n  t h e  range 1 t o  3.  The p a r t i c u l a r  shape ( see  Figure 10) produced im 
t h e  experimental  r e s u l t s  f o r  t h e  10p t o  20p sample i n  t h i s  reg ion  i s  
q u i t e  s i m i l a r  t o  what i s  observed f o r  corundum i n  a s i m i l a r  reg ion  of 
t h e  o p t i c a l  cons t an t s .  We s h a l l  have more t o  r e p o r t  concerning t h i s  
shape l a t e r .  
1. Spec t r a  of Quartz Powder a t  Reduced P res su res  
4 During t h e  course of t h i s  work a paper by Logan and Hunt en- 
t i t l e d  "Emission Spec t ra  of P a r t i c u l a t e  S i l i c a t e s  Under Simulated Lunar 
Conditions" w a s  publ ished.  It repor ted  t h a t  t h e  emi t tance  of powders 
changes s u b s t a n t i a l l y  when measured a t  low p res su res  and i n  a d d i t i o n  
depends on t h e  temperature of t he  background. A s  our  new experimental  
appara tus  can be  opera ted  under vacuum we have c a r r i e d  out  s e v e r a l  pre- 
l i n i n a r y  experiments s i m i l a r  t o  t h e i r s .  The r e s u l t s  a r e  shown i n  
F igure  15.  Our technique involved only warm backgrounds (% 23OC) and 
we hea ted  t h e  powder from beneath. As  our  samples were approximately 
l.1-cm deep a s i g n i f i c a n t  temperature drop occurs  ac ros s  t he  depth of 
t h e  sample. A s  a r e s u l t  of t h i s  temperature drop which was s u b s t a n t i a l  
i n  t h e  lower p re s su re  measurements t h e  s u r f a c e  temperature reached va lues  
only  about 6" above t h e  background ( cav i ty )  and d e t e c t o r  temperatures.  
Consequently, t hese  runs had r e l a t i v e l y  smal l  s ignal- to-noise r a t i o s  ;md 
some of t h e  observed f e a t u r e s  may be spur ious .  Nonetheless ,  t h e  r e s u l t s  
shown i n  Figure 15 do appear t o  i n d i c a t e  a "pressure"-dependent emit tance.  
The magnitude of our  observed e f f e c t  appears  t o  be comparable t o  t h a t  of 
Logan and Hunt. It should be noted t h a t  a s  w i th  a l l  of our  o t h e r  r e s u l t s ,  
t h e s e  curves have been reduced by s e t t i n g  t h e  emit tance equal  t o  u n i t y  
a t  t h e  p r i n c i p a l  Chr i s t i ansen  frequency3 (1360 cm-' f o r  q u a r t z ) .  Logan 
and Hunt 's technique involves  a s i m i l a r  assumption. 
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This  assumption is  i n v a l i d  i n  t h e  case of l a r g e  thermal  
g r a d i e n t s  i n  t h e  sample, owing t o  t h e  r e l a t i v e l y  l a r g e  depth of o r i g i n  
of t he  measured r a d i a t i o n  a t  t h e  Ch i i s t i ansen  frequency. An improved 
procedure i s  t o  c o r r e c t  t h e  emi t tance  a t  each frequency f o r  t h e  v a r i a b l e  
depth of o r i g i n  of t h e  photons. We have der ived  t h e  fol lowing formula 
( see  Appendix B) f o r  t h e  c o r r e c t i o n ,  A E ,  t o  be made t o  t h e  measured 
emi t tance ,  E :  
where T and T a r e  t h e  temperatures  of t h e  sample and t h e  surrounding 
s b 
box, dT/dx i s  t h e  temperature g rad ien t  a t  t h e  s u r f a c e  of t h e  sample, and 
K and S a r e  t h e  Kubelka-Munk parameters  def ined  e a r l i e r .  
For t h e  case  of qua r t z  a t  i t s  Chr is t iansen  frequency we caleu.- 
l a t e  t h a t  A E  = 0.21; a t  1200 cm-' t h e  c a l c u l a t i o n  y i e l d s  As = 0.15. 
Thus an  e r r o r  i n  t h e  r e l a t i v e  va lues  a t  t hese  two p o i n t s  i s  incu r red .  
A t  atmospheric p re s su re  where t h e  g rad ien t  i s  s u b s t a n t i a l l y  l e s s  (see 
F igure  15)  t h e  c a l c u l a t i o n  g ives  A E  2 0.01 a t  both f requencies .  The 
va lue  of K + 2s taken from our  t h e o r e t i c a l  computations is  29.2 c;' a t  
1360 cm-l and 41.2 a t  1200 cm-l. We b e l i e v e  t h a t  when these  considera- 
t i o n s  a r e  incorpora ted  i n t o  our  e x i s t i n g  d a t a  reduct ion  procedure and 
when t h e  d a t a  f o r  low p res su res  a r e  run a t  b e t t e r  s ignal- to-noise r a t i o s ,  
t h e  apparent  emi t tance  d i f f e r e n c e s  observed w i l l  d i sappear .  
I n  t h e  case  of a mixture of minera ls  such a s  occurs  i n  most 
powdered rocks ,  t h e  e n t i r e  concept of a Chr i s t i ansen  frequency i s  
i n v a l i d .  A s  n is  very  u n l i k e l y  t o  pass  through u n i t y  (while k i s  smal l )  
a t  t h e  same frequency f o r  t h e  d i f f e r e n t  components, no p r i n c i p a l  
Chr i s t i ansen  frequency can be expected. The h ighes t  rad iance  p o s i t i o n  
i n  t h e  spectrum is  thus  n o t  a p o i n t  of u n i t  emit tance a s  assumed by 
Logan and Hunt. 4 
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2. Comparison of Coarse-Part ic le  Theory wi th  Mie Theory 
It is  of i n t e r e s t  t o  check our r e l a t i v e l y  simple geometr ical  
o p t i c s  theory  f o r  coa r se  p a r t i c l e s  a g a i n s t  t h e  p r e d i c t i o n s  of t h e  much 
more complicated Mie theory  f o r  l a r g e  s p h e r i c a l  p a r t i c l e s .  For t h i s  
5 purpose we use t h e  Mie theory  c a l c u l a t i o n s  of J. E. Cone1 of t h e  
emi t tance  of a  cloud of qua r t z  spheres .  I n  h i s  c a l c u l a t i o n s  t h e  o p t i c a l  
cons t an t s  were assumed t o  be  those  of t he  E 1 C o r i e n t a t i o n  of qua r t z  
taken from S p i t z e r  and ~ le inman . '  F igure  16 shows a  comparison of 
Conel t s  t h e o r e t i c a l  r e s u l t s  w i t h  computer runs  us ing  our  coa r se -pa r t i c l e  
theory  and t h e  same o p t i c a l  cons t an t s .  I n  t h e  case  of a  c loud our con-. 
t a c t  f a c t o r  au toma t i ca l ly  goes t o  u n i t y  s i n c e  t h e  volume f r a c t i o n  of t h e  
p a r t i c l e s  tends  t o  zero.  
We s e e  t h a t  e x c e l l e n t  agreement i s  obta ined  f o r  t h e  l a r g e r  
p a r t i c l e  s i z e s  and s u r p r i s i n g l y  good agreement down t o  p a r t i c l e  s i z e s  a.s 
small as 1 2 ~  (note  t h e  o r d i n a t e s  a r e  on d i f f e r e n t  s c a l e s ) .  This  proves 
t h a t  our  random i n t e r f a c e  model f o r  coarse  p a r t i c l e s  i s  v a l i d  f o r  s ca t -  
t e r i n g  by clouds as w e l l  as by powders. The computational s i m p l i c i t y  of 
t h e  random i n t e r f a c e  model, i t s  a p p l i c a b i l i t y  t o  p a r t i c l e s  of any shape, 
and i t s  v a l i d i t y  f o r  bo th  clouds and powders (on account of t he  con tac t  
f a c t o r )  appear t o  make t h i s  theory  p r e f e r a b l e  t o  t h e  Mie theory  a t  Beast 
f o r  p a r t i c l e s  t h a t  a r e  moderately l a r g e  compared wi th  t h e  wavelength. 
B. CORUNDUM POWDERS 
A s  s t a t e d  i n  t h e  In t roduc t ion ,  our  previous work had l e d  us t o  
b e l i e v e  t h a t  t h e  f i n e - p a r t i c l e  theory  accounted f o r  much of t h e  corundum 
spectrum. However, dur ing  t h e  c u r r e n t  c o n t r a c t  we obta ined  a  number of 
c o a r s e r  samples and r an  t h e s e  i n  an e f f o r t  t o  explore  t h e  changeover 
i n t o  t h e  coa r se -pa r t i c l e  region.  These samples were chosen so  a s  t o  
remove any ques t ions  concerning t h e  p e c u l i a r  geometry of t h e  WCA powders 
p rev ious ly  s tud ied .  The Microabrasives Corporation suppl ied  us  wi th  a  
number of t h e i r  LWA o p t i c a l  f i n i s h i n g  powders which a r e  repor ted7  t o  be 
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FIGURE 16. COUPMISON OF THE COARSE-PARTICLE THEORY AND MFE THEORY. 
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99.5% a-A1203. The Norton Company provided us wi th  a r e l a t i v e l y  coarse  
sample (1221.1) No. 38 Alundum. They r e p o r t  a p u r i t y  of 99.55%. These 
powders, manufactured by d i f f e r e n t  processes  than  t h e  WCA powders, do 
n o t  have t h e  p l a t e l e t  shape, b u t  appear t o  be more chunky. A s  wi th  most 
ab ra s ive  powders they  a r e  crushed from l a r g e r  p i eces  and do n o t  neces- 
s a r i l y  r ep re sen t  i n d i v i d u a l  c r y s t a l l i t e s .  F igure  17  shows a t y p i c a l  
p a r t i c l e .  Runs on l o p ,  601.1, and 122p corundum a r e  shown i n  F igure  l 8 a ,  
a long  wi th  a r e run  of t he  c o a r s e s t  corundum powder s t u d i e d  i n  our  pre- 
v ious  work. 
A t  t h e  same time t h e o r e t i c a l  s p e c t r a  of corundum powders have 
been examined and wh i l e  both t h e o r i e s  appear t o  produce some of t h e  
f e a t u r e s  observed i n  our  experiment,  n e i t h e r  theory  nor  any obvious com- 
b i n a t i o n  of them produces t h e  shape of t h e  curve i n  t h e  s p e c t r a l  reg ion  
- 1 between 650 cm and 860 cm-l. Outside of t h i s  reg ion  the  f i t  us ing  t h e  
coa r se -pa r t i c l e  theory (Figure 18b) appears  t o  be  q u i t e  s a t i s f a c t o r y  
except  t h a t  t h e  p a r t i c l e - s i z e  dependence a t  f requencies  less than  1000 
- 1 
cm i s  much too  slow. P a r t  of t h e  improvement of t h e  f i t  f o r  t h i s  
m a t e r i a l  r e s u l t s  from t h e  new coa r se -pa r t i c l e  theory  b u t  some of t h e  
c r e d i t  must go t o  t h e  use  of a d i f f e r e n t  set of o s c i l l a t o r  parameters ,  
and hence, o p t i c a l  cons t an t s ,  used i n  t h e  f i t t i n g .  
Corundum i s  an unusual m a t e r i a l  i n  t h a t  va r ious  s u r f a c e  t r e a t -  
8 
ments can a l t e r  t h e  spectrum t o  a c e r t a i n  ex t en t .  Barker s tud ied  these  
e f f e c t s  and concluded t h a t  t h e  changes i n  t he  spectrum were due t o  t h e  
r e l a x a t i o n  of t h e  normal s e l e c t i o n  r u l e s  when t h e  su r f ace  was s t r a i n e d  
by va r ious  g r ind ing  techniques.  He gave o s c i l l a t o r  parameters f o r  un- 
d i s t u r b e d  (4 o s c i l l a r a r s )  and d i s tu rbed  s u r f a c e s  (6 o s c i l l a t o r s )  f o r  
t h e  EIC o r i e n t a t i o n  of corundum. A s  s m a l l  p a r t i c l e s  might be expected 
t o  be s t r a i n e d  i n  c rushing  we have gene ra l ly  used h i s  o s c i l l a t o r  param- 
e t e r s  ( o p t i c a l  cons t an t s )  f o r  t h e  d i s tu rbed  su r f ace ,  a l though e a r l y  i n  
our  work, both s e t s  were t r i e d .  With t h e  c u r r e n t  theory ,  t he  o s c i l l a t o r  
parameters  f o r  an undisturbed s u r f a c e  appear t o  g ive  a s u p e r i o r  f i t  and 
s o  those  a r e  now be ing  used. 
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FIGURE 17. A TYPICAL LARGE CORUNDUM PARTICLES (500X). 
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-1 -1 A s  s t a t e d  previous ly ,  t h e  reg ion  between 650 cm and 860 cm 
i s  our p r i n c i p a l  source of d i f f i c u l t y .  The Lorentz-Lorenz theory pre- 
d i c t e d  t h e  proper  t r end  i n  t h i s  reg ion  (Figure 2b) ,  p rovid ing  t h e  s u r f a c e  
terms were no t  used, b u t  produced too  g r e a t  an  e f f e c t .  However, t h e  
p r e s e n t  f i n e - p a r t i c l e  model ( r e s u l t s  no t  shown) wi th  i t s  accounting f o r  
s k i n  depth,  whi le  r e t a i n i n g  t h e  gene ra l  shape of t h e  Lorentz-Lorenz 
-1 - 1 theory  r e s u l t s  i n  t h e  reg ion  between 1000 cm and 800 cm , does no t  
appear capable of producing t h e  r e f l e c t a n c e  r i s e  exper imenta l ly  observed 
-1 
wi th  decreas ing  frequency i n  t he  reg ion  between 800 cm and 650 c m l  
(Figure 18a) .  A t  t h e  same time t h e  coa r se -pa r t i c l e  theory  (Figure 18b) 
produces a shape i n  t h i s  reg ion  t h a t  e s s e n t i a l l y  mimics t h e  shape of 
s i n g l e  c r y s t a l  spec t r a .  The experimental  shape i n  t h i s  reg ion ,  which 
appears  t o  be a "scal lop" taken ou t  of t h e  coarse-particle-model theory,  
appears  t o  s lowly change a s  c o a r s e r  p a r t i c l e s  s i z e s  are reached. How- 
eve r ,  even t h e  122y p a r t i c l e s  show i t s  presence. The curve a l s o  appears  
t o  f l a t t e n  a t  sma l l e r  p a r t i c l e  s i z e s .  These r e s u l t s  f o r c e  us t o  conclude 
t h e  e f f e c t  is  n o t  a s imple f i n e - p a r t i c l e  e f f e c t .  The reg ion  of t h i s  
d i f f i c u l t y  i s  t h e  reg ion  of anomalous d i spe r s ion  where n drops t o  va lues  
nea r  0 . 1  and k i s  q u i t e  l a r g e .  This  is  a s i m i l a r  s p e c t r a l  reg ion  t o  
t h a t  where f i n e  qua r t z  showed a s i m i l a r  f e a t u r e  (Figure 10) .  
We have considered va r ious  p o s s i b l e  explana t ions  f o r  t he  
s c a l l o p  phenomenon, inc luding:  
a .  Waveguide e f f e c t s  
b. Bi ref r ingence  e f f e c t s  
c. A l t e r ed  o p t i c a l  cons t an t s  
d. Surf ace  d i s tu rbances  
e. Independent d ipo le  s c a t t e r i n g  
1. Waveguide Propagat ion 
For n << 1 t h e  r a d i a t i o n  tends t o  be s t r o n g l y  concent ra ted  i n  
t h e  voids r a t h e r  than  i n  t h e  p a r t i c l e s ,  owing t o  t h e  e f f e c t  of nea r  t o t a l  
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e x t e r n a l  r e f l e c t i o n .  For example, i f  m = n = 0.1, r a d i a t i o n  has t o  be 
d i r e c t e d  w i t h i n  an angle  of 6' t o  t h e  normal t o  a p a r t i c l e  s u r f a c e  t o  
e n t e r  t he  p a r t i c l e .  Propagation i n  a channel between p a r t i c l e s  i s  
c l o s e l y  analogous t o  t h e  propagat ion of l i g h t  i n  a l i g h t  p ipe .  The wave 
i n  t he  channel i s  however a t t enua ted  t o  a degree t h a t  depends on the  
absorp t ion  index k of t he  wa l l s  of t h e  channel,  owing t o  t h e  presence of 
an evanescent  p a r t  of t h e  wave i n  t h e  w a l l s .  
The n a t u r e  of t h e  waveguide propagat ion is  most e a s i l y  under- 
s tood  f o r  s c a l a r  waves which s a t i s f y  t h e  wave equat ion  
i n  t he  w a l l s  ( i . e . ,  p a r t i c l e s )  of t h e  waveguide, where m i s  t h e  complex 
index  of t h e  p a r t i c l e s .  The same equat ion  wi th  m = 1 a p p l i e s  i n  t he  
P 
channels.  For s i m p l i c i t y ,  we cons ider  a channel of width g between in-  
f i n i t e  w a l l s .  Le t  x be  i n  t h e  d i r e c t i o n  of propagat ion and y a t  r i g h t  
angles  t o  t h e  wa l l s .  Then we can t ake  a s  s o l u t i o n s  i n  t h e  two reg ions  
To s a t i s f y  (29) ,  K1, K2,  and a must s a t i s f y  t h e  r e l a t i o n s  
Also ( and must be continuous a t  y = ( t h e  w a l l  of the  
ay 2 
waveguide). Therefore 
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From ( 3 4 )  and ( 3 5 )  we f i n d  t h a t  
From ( 3 2 ) '  ( 3 3 ) ,  and ( 3 6 )  we ob ta in ,  on e l i m i n a t i n g  K2 and a ,  
We can d e f i n e  t h e  waveguide complex r e f r a c t i v e  index m by the  
equat ion  
Then ( 3 8 )  becomes, w i t h  KO = 2nv:  
For given va lues  of m g ,  and v  t h i s  mult ivalued equat ion  can 
P ' 
be  so lved  f o r  t h e  waveguide index m f o r  each of t h e  allowed waveguide 
modes. F igures  19  and 20 show t h e  r e a l  and imaginary p a r t s  n and k f o r  
t h e  lowest  waveguide mode i n  corundum powder f o r  va r ious  assumed gap widths.  
4  6  
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FIGURE 19. WAVEGUIDE REFRACTIVE INDEX FOR THE LOWEST TE MODE. 
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FIGURE 20. WAVEGUIDE ABSORPTION INDEX FOR THE LOWEST TE MODE. 
The t r end  of t h e  waveguide absorp t ion  index wi th  frequency i s  
s i m i l a r  t o  t h a t  of t h e  s i n g l e  c r y s t a l  absorp t ion  index. The e f f e c t  of 
t h i s  t r end  i s  t o  add t o  t h e  ord inary  K of t h e  powder a  waveguide con- 
t r i b u t i o n  t h a t  i nc reases  s t e a d i l y  wi th  decreas ing  frequency. This 
r e s u l t s  i n  a  s i m i l a r  t r end  i n  t he  r e f l e c t a n c e  and does no t  produce a 
sca l lop .  
The v a r i a t i o n  of waveguide r e f r a c t i v e  index wi th  frequency, 
when averaged over  gap width,  i s  i n  genera l  l i k e  t h a t  of t h e  s i n g l e  
c r y s t a l  index wi th  a  minimum of t h e  index  wi th in  t h e  frequency range of 
i n t e r e s t .  The e f f e c t  on r e f l e c t a n c e  i s  t h e r e f o r e  a l s o  t o  g ive  a  maximurn 
i n  t h e  reg ion  of t h e  sca l lop .  The combined e f f e c t  of t h e  waveguide a 
and k merely s h i f t s  t h e  s i n g l e  c r y s t a l  r e f l e c t i o n  maximum and does n o t  
l e a d  t o  a s c a l l o p .  
For e lec t romagnet ic  waves one ob ta ins  e x a c t l y  t he  same r e s u l t s  
as f o r  s c a l a r  waves when the  e l e c t r i c  f i e l d  is  p a r a l l e l  t o  t he  wa l l s  of 
t h e  waveguide (TE modes). With t h e  magnetic f i e l d  p a r a l l e l  t o  t h e  wa l l s  
(TM modes), Eq (39) i s  rep laced  by t h e  more complicated_equat ion:  
2 It i s  t o  be noted t h a t  m and m2 cannot be sepa ra t ed  as i n  ( 3 9 ) .  This 
P 2 g r e a t l y  i nc reases  t h e  d i f f i c u l t y  of computing m , f o r  given va lues  of t h e  
o t h e r  parameters ,  owing t o  branch jumping i n  t he  a p p l i c a t i o n  of Newton's 
method. We have n o t  succeeded i n  overcoming t h i s  d i f f i c u l t y  and there-  
f o r e  do n o t  have curves of n  and k f o r  t he  lowest TM mode. However, i t  
does n o t  appear  t o  be  very  l i k e l y  t h a t  t h e  r e s u l t s  would d i f f e r  s i g n i f i -  
c a n t l y  from the  r e s u l t s  f o r  s c a l a r  waves and TE waves. 
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I n  o rde r  t o  examine t h e  waveguide concept exper imenta l ly ,  
we chose t o  run the  emi t tance  spectrum of a "monolayer" of corundum 
p a r t i c l e s .  The procedure was t o  prepare  a monolayer having s u f f i c i e n t  
coverage t o  g e t  an accep tab le  s i g n a l ,  y e t  t h a t  would be s p a r s e  enouglh 
t o  minimize p a r t i c l e - p a r t i c l e  c o n t a c t s  and t h e r e f o r e  waveguide e f f e c t s .  
For t h e  purposes of t h i s  experiment an aluminum d i s c  was blackened on 
one s i d e  and two-sided masking t ape  a t t ached  t o  t h e  o t h e r  s i d e .  Par-  
t i c l e s  from the  1 2 2 ~  sample were allowed t o  f a l l  on t h i s  su r f ace  
u n t i l  t h e  above c r i t e r i a  appeared t o  be met. A photograph i s  shorn i n  
Figure 21. The spectrum i s  shown i n  Figure 22. It was obta ined  us ing  
an i d e n t i c a l  masking t ape  covered d i s c  a s  a re ference .  The two d i s c s  
w e r e  simply p laced  on our  two blackbody sources  which were run a t  
approximately the  same temperature (3g°C). The d a t a  was processed a s  
i n  ou r  prev ious  c a l i b r a t i o n  technique a s  we had found no e r r o r s  i n  t he  
s p e c t r a l  reg ion  of t h e  "scal lop."  A s  t h e  p a r t i c l e s  a r e  q u i t e  opaque 
i n  t h i s  s p e c t r a l  reg ion  f o r  t h i s  p a r t i c l e  s i z e  and a s  t h e  masking t ape  
appears  t o  produce a good f a c s i m i l e  of a blackbody spectrum, t h e  r e s u l t  
of t h i s  experiment is  t h a t  a "monolayer" of p a r t i c l e s  does r e t a i n  t h e  
s c a l l o p  f e a t u r e .  While some p a r t i c l e - p a r t i c l e  con tac t s  i n e v i t a b l y  do 
occur ,  we f e e l  t h a t  t h e  explana t ion  of t h e  s c a l l o p  i s  t o  be  found 
elsewhere. 
2. E f f ec t  of Bi ref r ingence  
The s i n g l e  c r y s t a l  r e f l e c t a n c e  s p e c t r a , 8  which show no 
s c a l l o p  e f f e c t ,  were obta ined  a t  nea r  normal inc idence  wi th  t h e  e l e c t r i c  
f i e l d  e i t h e r  p a r a l l e l  o r  perpendicular  t o  t h e  o p t i c  a x i s  of t he  u n i a x i a l  
c r y s t a l  (c-axis) .  I n  t h e  case  of powders where t h e  r a d i a t i o n  i s  d i f f u s e ,  
t h e  e l e c t r i c  f i e l d  i s  i n  gene ra l  a t  an a r b i t r a r y  angle  t o  t h e  c-axis of 
any c r y s t a l l i t e .  We t h e r e f o r e  wondered whether i n t e r f e r e n c e  e f f e c t s  
involv ing  t h e  two o p t i c a l  cons t an t s  mi, and mL could g ive  r i s e  t o  t h e  
s c a l l o p  . 
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FIGURE 21. MONOLAYER OF CORUNDTJM PARTICLES. 
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The gene ra l  case  i n  which t h e  c-axis is  a t  an a r b i t r a r y  angle  
t o  a  c r y s t a l  f a c e t  and t o  t h e  p lane  of inc idence  i s  very complicated. 
We t h e r e f o r e  undertook t o  examine the  s i x  s p e c i a l  ca ses  shown i n  
Table I i n  which t h e  c-axis i s  e i t h e r  p a r a l l e l  o r  perpendicular  t o  t h e  
c r y s t a l  f a c e t  and i s  e i t h e r  i n  o r  perpendicular  t o  t h e  p lane  of i n c i -  
dence, and where bo th  p o l a r i z a t i o n s  of t h e  i n c i d e n t  r a d i a t i o n  a r e  
considered.  The F resne l  formulae f o r  t h e  s i x  cases  can be der ived  by 
t h e  usua l  methods and a r e  shown i n  t h e  diagram. It is t o  be noted 
t h a t  only i n  t h e  f i r s t  two cases ,  where t h e  e l e c t r i c  f i e l d  E i s  i n c l i n e d  
t o  t h e  c-axis a t  an angle  o t h e r  than  O 0  o r  90° i s  t h e r e  any mixing of 
t h e  two i n d i c e s  m,, and m I ' 
We have computed t h e  r e f l e c t a n c e  R f o r  an  angle  of inc idence  
0 = 45' over  t h e  s p e c t r a l  range of t h e  s c a l l o p  f o r  each of t h e  s i x  
cases .  The r e s u l t s  a l l  show a pronounced peak, s i m i l a r  t o  t h e  measured 
normal inc idence  peak, wi th  no s i g n  of a sca l lop .  
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TABLE I 
EFLECTANCE (R) FOR VARIOUS ORIENTATIONS OF C-AXIS AND ELECTRIC FIELD (E) 
TM WAVES 
clly R = 
c IIY 
Y 
R = 
Cl z 
TE WAVES 
cose 
- -  
m~ 
cos e 
-+ 
mL 
cose 
2 
- -  
mL 
R = 
C8 x 
cose 
-+ 
mL 
cose + 
-
m\! 
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3.  Altered  Op t i ca l  Constants 
We have r e f e r r e d  above t o  t h e  experiments of Barker8 where 
ab ra s ion  of t h e  s u r f a c e  of a s i n g l e  c r y s t a l  appears  t o  in t roduce  e x t r a  
resonances i n  t h e  d i s p e r s i o n  formula of t h e  c r y s t a l .  This  e f f e c t  does 
n o t  s e e m  t o  b e  r e spons ib l e  f o r  t h e  sca l lop , and  Barker ' s  modified dis- 
pe r s ion  formula would cause a l t e r a t i o n  of t h e  spectrum i n  reg ions  o the r  
than  t h e  n << 1 region  of i n t e r e s t  here .  Such a l t e r a t i o n  i s  no t  ob- 
se rved  i n  ou r  corundum s p e c t r a .  
However, i t  is  s t i l l  conceivable  t h a t  t h e  o p t i c a l  cons t an t s  of 
s m a l l  p a r t i c l e s  a r e  i n t r i n s i c a l l y  d i f f e r e n t  from those  of a  l a r g e  s i n g l e  
c r y s t a l ?  For example, t h e  curva ture  of t h e  s u r f a c e s  of t h e  p a r t i c l e s ,  
t h e  e f f e c t  of se l f -abras ion  of t h e  p a r t i c l e s ,  o r  a  change i n  t h e  phonon 
spectrum due t o  t h e  f i n i t e  volume of t h e  p a r t i c l e  could be  r e spons ib l e  
f o r  d i f f e r e n c e s .  
It i s  a l s o  p o s s i b l e  t h a t  Barker 's  o p t i c a l  cons t an t s  a r e  n o t  
p r e c i s e l y  c o r r e c t  i n  t h e  reg ion  of t h e  s c a l l o p  because of problems of 
f i t t i n g  t h e  s p e c t r a l  measurements i n  t h i s  region.  We have noted i n  a 
r e p o r t  by p h i l l i p p i 9  t h a t  a f e a t u r e  resembling the  s c a l l o p  i s  produced 
by us ing  a  d i f f e r e n t  s e t  of o p t i c a l  cons t an t s  f o r  corundum. H e  used 
data1' t h a t  showed a d i f f e r e n t  curva ture  f o r  t h e  r e f r a c t i v e  index i n  
t h e  spec t ra l '  reg ion  of t h e  ve ry  low va lues .  The s c a l e  on t h e  o r i g i n a l  
d a t a  and t h e  method used t o  o b t a i n  i t  sugges t  t h a t  t h e  cu rva tu re  in 
t h i s  reg ion  is  unce r t a in .  Nonetheless,  i f  t h e s e  va lues  a r e  c o r r e c t  
r a t h e r  than  those  given by Barker 's  t rea tment ,  a s c a l l o p  could be  
produced. 
4.  Sur face  Disturbances 
Under condi t ions  of n e a r - t o t a l  e x t e r n a l  r e f l e c t i o n  (n << 1) t h e  
. r a d i a t i o n  f i e l d  i n  a p a r t i c l e  c o n s i s t s  of a  wave propagat ing p a r a l l e l  t o  
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t h e  s u r f a c e  and decreas ing  exponen t i a l l y  i n  ampli tude w i t h  d i s t a n c e  i n t o  
t h e  p a r t i c l e .  The depth of p e n e t r a t i o n  of t h i s  evanescent wave i s ,  i n  
genera l ,  a  smal l  f r a c t i o n  of t he  f r e e  space wavelength. Therefore the 
wave i s  very s e n s i t i v e  t o  d i s tu rbances  such a s  roughness, f i s s u r e s ,  in-  
c l u s i o n s ,  e t c .  F igure  17 shows a  photomicrograph of a  p a r t i c l e  of 1 2 2 ~  
corundum. Such d is turbances  a r e  c l e a r l y  v i s i b l e  and appear t o  b e  related 
t o  cleavage p lanes .  S c a t t e r i n g  of t h e  evanescent wave by these  d i s t u r -  
bances can p r o j e c t  a po r t ion  of t he  wave energy f a r t h e r  i n t o  t h e  p a r t i c l e  
where i t  i s  absorbed. The e f f e c t  is  t o  lower t h e  r e f l e c t a n c e  of t h e  
s u r f  ace.  
Since t h e  depth of pene t r a t ion  of t h e  evanescent wave is  very 
smal l  when n  i s  c l o s e  t o  zero,  t he  l o s s  of energy due t o  s u r f a c e  d i s t u r -  
bances w i l l  be  g r e a t e s t  f o r  such va lues  of n. It i s  s i g n i f i c a n t  t h a t  
t h e  r e f l e c t a n c e  minimum i n  t h e  reg ion  of t h e  s c a l l o p  co inc ides  wi th  t h e  
minimum value  of n.  
5. Independent Dipole S c a t t e r i n g  
A f i n a l  p o s s i b l e  approach t o  t h e  s c a l l o p  problem is  t o  t r e a t  
t h e  p a r t i c l e s  a s  a s e t  of Lorentz d ipo le s  s c a t t e r i n g  independently of 
each o the r .  This  approximation assumes t h a t  each p a r t i c l e  i s  smal l  
enough t h a t  t h e  induced e l e c t r i c  f i e l d  is  e s s e n t i a l l y  uniform throughout 
t h e  volume of the  p a r t i c l e  and t h a t  t h e  p a r t i c l e s  a r e  f a r  enough a p a r t  
so  t h a t  they can be  t r e a t e d  a s  independent s c a t t e r e r s .  
According t o  t h e  Lorentz theory,  t h e  t o t a l  s c a t t e r i n g  and ab- 
s o r p t i o n  c ross-sec t ions  f o r  a  s i n g l e  s p h e r i c a l  p a r t i c l e  of index rn and 
r ad ius  a  a r e  11 
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where I m  s i g n i f i e s  "imaginary p a r t  o f . "  
For a cloud of independent ly s c a t t e r i n g  p a r t i c l e s  t h e  r a t i o  wf 
K t o  S i s  t h e r e f o r e  
where t h e  backsca t t e r ing  c ross-sec t ion  i s  taken as approximately a / 2 .  
S 
The r e f l e c t a n c e  of t h e  cloud i s  given,  a s  u sua l ,  by Eq (16): 
Figure 23 shows t h e  r e f l e c t a n c e  of t h e  cloud i n  t h e  reg ion  of 
t h e  s c a l l o p  f o r  p a r t i c l e  diameters  of 5p and 2p. It i s  seen t h a t  t h e  
main f e a t u r e s  of t h e  s c a l l o p  a r e  a t  l e a s t  q u a l i t a t i v e l y  reproduced. 
This  agreement wi th  experiment does no t  n e c e s s a r i l y  mean t h a t  
independent d i p o l e  s c a t t e r i n g  is  t h e  c o r r e c t  explana t ion  of t h e  s c a l l o p  
s i n c e  t h e  d i p o l e  approximation should n o t  be v a l i d  f o r  opaque p a r t i c l e s  
and e s p e c i a l l y  no t  f o r  p a r t i c l e s  a s  l a r g e  a s  122p f o r  which, a s  w e  have 
seen ,  t h e  s c a l l o p  is  s t i l l  found. It i s  conceivable  t h a t  t h e  apparent  
success  of t h e  d ipo le  approximation i s  t h a t  t he  s c a t t e r i n g  is  i n  f a c t  
caused simply by t h e  s u r f a c e  a s p e r i t i e s  which can be seen i n  Figure 1 7 .  
Fur ther  experiments t o  d i sc r imina te  between d ipo le  s c a t t e r i n g ,  
s u r f a c e  p e r t u r b a t i o n ,  and a l t e r e d  o p t i c a l  cons t an t s  should be c a r r i e d  
ou t .  
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FIGURE 23. THEORETICAL REFLECTANCE OF CORUNDUM ACCORDING TO 
INDEPENDENT DIPOLE SCATTERING MODEL. 
A t  t h e  p re sen t  t ime we b e l i e v e  t h a t  t h e  l a s t  two hypotheses 
appear t o  show cons iderable  promise i n  having t h e  p o t e n t i a l  t o  exp la in  
what has  been the  most puzz l ing  phenomenon encountered i n  our  work. If 
e i t h e r  of them proves s u c c e s s f u l ,  i t  may very  w e l l  a i d  i n  so lv ing  t h e  
p a r t i c l e - s i z e  dependence problem a t  t h e  same t i m e .  
C. GARNET AND GLASS 
During t h e  course of our  work we have r e l i e d  a g r e a t  d e a l  on 
t h e  s p e c t r a  of qua r t z  and corundum. P e r i o d i c a l l y ,  ques t ions  have a r i s e n  
a s  t o  whether t h e s e  c r y s t a l s ,  which a r e  both hexagonal, might be causing 
some of our  d i f f i c u l t i e s  due t o  an i s t ropy .  While we have sot f e l t  t h i s  
t o  be a s e r i o u s  problem, we concluded t h a t  some experiments on i s o t r o p i c  
m a t e r i a l s  would prove use fu l .  Unfortunately,  i s o t r o p i c  minera ls  wi th  
i n t e r e s t i n g  o p t i c a l  p r o p e r t i e s  i n  t he  s p e c t r a l  range of i n t e r e s t  a r e  
r a r e  and when w e l l  c l a s s i f i e d  p a r t i c l e  s i z e s  f o r  pure m a t e r i a l s  having 
well-known o p t i c a l  cons t an t s  a r e  a l s o  requi red ,  the l i s t  becomes very  
small .  Garnet and g l a s s  were chosen and t h e i r  o p t i c a l  cons t an t s  der ived.  
1. Prepa ra t ion  of Samples t o  be Used i n  Obtaining Op t i ca l  Constants 
We obta ined  some 3M s p h e r i c a l l y  shaped "Superbri te"  g l a s s  
beads i n  t he  p a r t i c l e  s i z e  range 20p t o  40p ( 2 9 ~  average) .  They have a 
p l a t e  o r  window g l a s s  composition which i s  70% SiO 14% Na20, ca  12% 2 ' 
CaO wi th  t r a c e s  of Mg and A 1  according t o  M r .  Warren Beck of t h e  3M 
Company. Unfortunately,  we had no i n f r a r e d  o p t i c a l  cons tan t  d a t a  f o r  
t hese  samples. I n  o rde r  t o  o b t a i n  t h e  o p t i c a l  cons t an t s  t o  be used f o r  
t h i s  m a t e r i a l ,  a pol i shed  sample of t h e  bulk  m a t e r i a l  was requi red .  An 
ingo t  was produced by h e a t i n g  the  beads i n  an i r i d ium c ruc ib l e .  The 
problem wi th  c a s t i n g  a bulk  sample i n  t h i s  manner is  t o  minimize sodium. 
l o s s e s .  It w a s  found t h a t  t h e  minimum time-temperature r e l a t i o n s h i p  
necessary f o r  producing an e a s i l y  pourable  melt  was 1450'6 f o r  2 hours .  
Discs  of 1.5" diameter  and 0.5" th ickness  were c a s t  i n  pol i shed  g raph i t e  
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d i e s .  P r i o r  t o  c a s t i n g ,  t hese  d i e s  were hea ted  t o  475'6, t h e  maximum 
temperature t o  which they could be exposed wi thout  ox ida t ion  of t h e  
g raph i t e .  To i n s u r e  a g a i n s t  bubble entrapment,  t h e  g l a s s  was poured 
i n t o  d i e s  i n  a t h i n  stream. The g l a s s  d i s c s  were annealed i n  t h e  
g r a p h i t e  d i e s  a t  475OC f o r  15 hours ,  and then  allowed t o  cool  slowly 
t o  room temperature i n  t h e  furnace.  Severa l  mi l l ime te r s  were ground 
from a d i s c  t o  remove t h e  s u r f a c e  l a y e r  and t h e  sample w a s  then  pol i shed  
so  as t o  be  s u i t a b l e  f o r  r e f l e c t a n c e  measurements on our  Perkin-Elmer 
521 Spectrometer.  
A s  i n d i c a t e d  above, our  p r i n c i p a l  concern r e l a t i n g  t o  composi- 
t i o n a l  v a r i a t i o n s  between t h i s  g l a s s  d i s c  and t h e  o r i g i n a l  powder has  t o  
do w i t h  sodium l o s s  from t h e  m e l t .  We t h e r e f o r e  decided t o  check t h e  
sodium-to-calcium r a t i o  i n  t h e  d i s c  and powder us ing  X-ray f luorescence .  
Our r e s u l t s  i n d i c a t e  a r e l a t i v e  l o s s  of 12.5% sodium from the  d i s c .  
Based on t h e  above rough e s t ima te  of t h e  composition of t h e  g l a s s  pro- 
v ided  by t h e  manufacturer of t h e  beads, t h e  Na20 content  dropped from 
14% t o  12.2% i n  prepar ing  the  d i s c .  The depth of g l a s s  t o  which t h e  
X-ray a n a l y s i s  a p p l i e s  i s  a few microns (0.99 of t h e  Na i n t e n s i t y  i s  
de r ived  from a depth of 2.7 microns).  
We a l s o  obta ined  t h r e e  samples of s i z e d  ga rne t  powders from 
t h e  Barton Mines Corporation of North Creek, New York. These samples 
r ep re sen t  a combination of a lmandite  and pyrope. The chemical a n a l y s i s  
i s  : 
Si02 41.34% 
*'2'3 20.36% 
FeO 9.72% C a0 2.97% 
Fe203 12.55% MgO 12.35% 
MnO -85% 
and t h e  s p e c i f i c  g r a v i t y  i s  given a s  between 3.9 and 4.1. The p a r t i c l e  
s i z e  d i s t r i b u t i o n  i n  microns according t o  Barton Mines a s  measured by 
micromerograph is:  
6 0 
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Severa l  l a r g e  p i eces  of t h i s  m a t e r i a l  w e r e  a l s o  obta ined  from 
Barton Mines and pol i shed  samples of t h e s e  were prepared f o r  i n f r a r e d  
r e f l e c t a n c e  measurements us ing  our  Perkin-Elmer 521 Spectrometer.  A s  
t h e  samples a r e  n a t u r a l  m a t e r i a l s  and do con ta in  some f laws as w e l l  as 
small amounts of some micaceous minera ls ,  we devoted some e f f o r t  t o  
po l i sh ing  f a c e s  t h a t  were r e l a t i v e l y  pure and f l awles s .  The samples 
were sma l l e r  than i s  s u i t a b l e  f o r  t he  Perkin-Elmer r e f l e c t i o n  attachment 
s o  t h a t  a b lack  v e l v e t  sample ho lde r  w a s  used t o  f i l l  ou t  t h e  unused 
po r t ion  of t h e  i n c i d e n t  beam f o r  both t h e  sample and t h e  re ference  
aluminum mir ror .  The s i m i l a r i t y  of s e v e r a l  runs on d i f f e r e n t  samples 
(one of which was sma l l e r  bu t  appeared v i s u a l l y  t o  be a c l eane r  sample) 
was taken t o  i n d i c a t e  freedom from t h e  micaceous minera ls  a l s o  known t o  
be p re sen t  i n  t he  depos i t .  
P o l a r i z a t i o n  d a t a  f o r  t he  spectrometer  w a s  ob ta ined  us ing  a 
gold wire-grid p o l a r i z e r .  This d a t a  is  necessary  i n  o rde r  t o  reduce t h e  
30" inc idence  r e f l e c t a n c e  measurements t o  t h e  o p t i c a l  cons tan ts .  
2. Mathematical Method of Obtaining t h e  Op t i ca l  Constants 
The r e f l e c t a n c e  d a t a  from t h e  macroscopic samples of g l a s s  and 
ga rne t  ob ta ined  on t h e  Perkin-Elmer instrument  have been used t o  ob ta in  
approximate va lues  of n and k.  From a mathematical po in t  of view the  
b a s i c  problem i n  determining n(v)  and k(v)  from given va lues  of R(v) i s  
t h a t  one must determine two func t ions  from a given s i n g l e  func t ion .  A s  
thus  ba ld ly  s t a t e d ,  t h e  problem is  n o t  capable of s o l u t i o n ,  and one must 
12  t h e r e f o r e  e i t h e r  o b t a i n  a second, independent spectrum o r  in t roduce  
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some kind of an assumption which makes the  s p e c t r a  n(v)  and k(v)  no t  
independent of one another .  
There a r e  two assumptions t h a t  a r e  c u r r e n t l y  i n  vogue. The 
f i r s t  of t hese  i s  t h a t  n(v)  and k(v)  a r e  t h e  r e a l  and imaginary p a r t s  of 
a func t ion ,  m(v), which i s  a n a l y t i c  i n  v considered a s  a complex v a r i a b l e .  
This assumption has been used t o  d e r i v e  t h e  well-known Kramers-Kronig 
i n t e g r a l  formula which, i n  essence ,  s u p p l i e s  t h e  needed independent 
spectrum (namely, t h e  phase spectrum) which, t oge the r  w i th  t h e  given 
amplitude spectrum, enables  one t o  f i n d  n(v) and k(v) . 
The o t h e r  assumption (not  i n c o n s i s t e n t  wi th  t h e  assumption of 
a n a l y t i c i t y )  involves  a more s p e c i a l i z e d  phys i ca l  model of t h e  behavior  
of t he  r e f l e c t i n g  medium. The assumption is  made t h a t  t h e  spectrum i s  
due t o  a number of simple resonances ("Lorentz l i n e s " ) .  According t o  
t h e  c l a s s i c a l  d i s p e r s i o n  theory  we may w r i t e  t h e  complex d i e l e c t r i c  
cons t an t  i n  t h e  form 
and i t  i s  simply necessary  t o  a d j u s t  t h e  parameters N ,  , p , yj, and j 
v s o  t h a t  t h e  va lues  of R(v) c a l c u l a t e d  from Eq (44) and the  F resne l  j 
equat ion  agree  wi th  t h e  measured va lues  of R(v). It is  customary t o  
r e s o r t  t o  t h e  device of " l e a s t  squares"  t o  f i n d  t h e  "best1'- va lues  of 
t h e  parameters  i n  o rde r  t o  overcome t h e  e f f e c t s  of no i se  i n  t h e  measured 
r e f l e c t a n c e  spectrum. 
We have employed the  second assumption t o  t r y  t o  o b t a i n  approx- 
imate va lues  of t h e  func t ions  n(v)  and k ( v ) ,  and have combined t h i s  wi th  
t h e  " l e a s t  squares"  approach. The measured and f i t t e d  s p e c t r a  from t h e  
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samples of g l a s s  and ga rne t  a r e  shown i n  F igures  24 and 25, r e spec t ive ly ,  
It w i l l  be  observed t h a t  both of t h e  f i t t e d  s p e c t r a  leave  something t o  
be des i r ed .  
With r e f e rence  t o  t h e  g l a s s  spectrum i t  w i l l  be  seen t h a t  over 
r a t h e r  wide bands t h e  measured va lues  f a l l  c o n s i s t e n t l y  above o r  below 
t h e  f i t t e d  curve, even though t h e  " l e a s t  s q u a r e s l ' c r i t e r i o n  was met i n  
t h i s  case.  There is  some ques t ion  as t o  whether t h e  form of Eq (44) i s  
r e a l l y  a proper  one t o  desc r ibe  t h e  phys i ca l  s i t u a t i o n .  
I n  t h e  case  of t h e  ga rne t  spectrum, t h e  f i t t e d  curve is  q u i t e  
good i n  most r eg ions ,  a l though t h e  parameters  used a r e  not  such a s  t o  
meet t h e  " l e a s t  squares" c r i t e r i o n  very  we l l .  I n  p a r t i c u l a r ,  t h e r e  is  
a s e r i o u s  discrepancy between t h e  f i t t e d  and measured s p e c t r a  i n  t h e  
- 1 
region  of t h e  l i n e  whose peak i s  a t  v = 480 cm . There seems t o  be 
a l s o  a c o n s i s t e n t  e r r o r  a t  t h e  h igh  frequency end of t h e  spectrum, where 
s t r u c t u r e  is  lacking ,  a l though t h i s  may n o t  be  s i g n i f i c a n t .  
One conclusion t h a t  we may draw i s  t h a t  i t  i s  perhaps p re fe r -  
a b l e  t o  appeal  only t o  t h e  p r i n c i p l e  of a n a l y t i c i t y  (which inc ludes  t h e  
s p e c i a l  case  of s imple Lorentz l i n e  resonances) and t o  r ep l ace  Eq (44) 
by t h e  more genera l  form 
j=o J 
E (v) = N 
l +  C b , v  j 
While Eq (44) i s  s t i l l  s p e c i a l i z e d  t o  some degree,  i t  is  t r u e  
i n  p r i n c i p l e  t h a t  any a n a l y t i c  func t ion  can be  approximated a r b i t r a r i l y  
w e l l  by Eq (45) over  a f i n i t e  range of t h e  v a r i a b l e  v i f  only M and N 
be taken s u f f i c i e n t l y  l a r g e .  Such a func t ion  a s  represented  by Eq (45) 
has  i n  f a c t  been used t o  f i t  measured s p e c t r a  of lumped-constant e lec-  
t r i c  c i r c u i t s .  Obviously, t he  po le s  i n  (45) must be r e s t r i c t e d  t o  l i e  
i n  one ha l f -p lane  t o  s a t i s f y  t h e  demands of t h e  Law of Causa l i ty .  
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3. Resu l t s  
Despi te  t h e  d i f f i c u l t i e s  involved such a s  sodium l o s s  i n  pre- 
pa r ing  the  bulk  sample of t h e  p l a t e  g l a s s ,  t h e  sampling and geometr ical  
problems i n  measuring t h e  r e f l e c t a n c e  of t he  ga rne t  c r y s t a l  and t h e  
f i t t i n g  problems i n  t h e  d e r i v a t i o n  of t h e  o p t i c a l  cons t an t s ,  we have 
used t h e s e  o p t i c a l  cons t an t s  t o  make comparison of t he  theory  with ex- 
per imenta l  da ta .  Figure 26a shows our  emi t tance  measurements f o r  t h e  
ga rne t  powders. F igure  26b shows s e v e r a l  t h e o r e t i c a l  curves  computed 
by t h e  coa r se -pa r t i c l e  theory  from t h e  der ived  o p t i c a l  cons t an t s .  A s  
can be  seen ,  t h e  f i t  t o  t h e  WO (d Q, 2 1 ~ )  powder i s  q u i t e  remarkable. It 
d i f f e r s  from t h e  experimental  d a t a  p r i n c i p a l l y  i n  t h e  reg ion  of t h e  
o p t i c a l  cons t an t  f i t t i n g  problems nea r  480 cm-' a s  might be expected. 
The f i n e r  samples exper imenta l ly  appear t o  have diminished c o n t r a s t ,  
The f i n e s t  ga rne t  powder (d Q 4 . 4 ~ )  i s  n o t  w e l l  f i t t e d  by theory  and we 
assume t h a t  improvements i n  our  f i n e - p a r t i c l e  theory  a r e  requi red .  It 
i s  i n t e r e s t i n g  t o  observe t h a t  t h e  d i sc repanc ie s  between experiment and 
coa r se -pa r t i c l e  theory seem t o  appear  nea r  d = A.  
The spectrum of Supe rb r i t e  g l a s s  beads was measured and i s  
shown i n  F igure  27, t oge the r  w i th  r e f l e c t a n c e  d a t a  obta ined  (under lower 
r e s o l u t i o n )  by t h e  National  Bureau of Standards.  Also shown i s  t h e  
t h e o r e t i c a l  f i t  t o  t hese  da t a .  Our experimental  r e s u l t s  appear t o  show 
- 1 -1 
some d i sc repanc ie s  near  1100 cm and 450 cm . These may be  due to  
smal l  dev ia t ions  from blackbody behavior  of our  3M black  p a i n t  a s  
suggested t o  us by D r .  A. Lefohn of t h e  Manned Spacecraf t  Center ,  NASA. 
To t e s t  t h i s  i dea ,  we r a n  t h e  glass-bead d a t a  a g a i n s t  t h e  masking t ape  
d a t a  used i n  our  monolayer experiment. The r e s u l t s  shown i n  F igure  28 
appear t o  confirm t h e  idea .  However, a s  we do no t  know t h e  e m i s s i v i t y  
of t he  masking t ape ,  t h i s  curve whi le  i n d i c a t i v e  should no t  be considered 
f i n a l .  The c a v i t y ,  i t  should be r e c a l l e d ,  i s  a l s o  coated wi th  t h e  3M 
b lack  p a i n t .  M r .  V. Weidner of t h e  Nat iona l  Bureau of Standards informs 
us  t h a t  t h e  3 M  b lack  p a i n t  does have a r e f l e c t i o n  peak of 11% between 
1050 cm-' and 1100 cm-l. This  would be cons iderably  reduced i n  our  
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experiments due t o  t h e  30' grooves of our  blackbodies .  Never the less ,  i t  
now appears  t o  have caused the  spur ious  r e s u l t s  f o r  t h e  g l a s s  beads,  a s  
w e l l  as t h e  h i t h e r t o  s u r p r i s i n g  r e s u l t  t h a t  our  corundum curves appeared 
t o  have a h ighe r  emi t tance  a t  1080 cm-' than  a t  t h e  Chr is t iansen  f r e -  
-1 quency a t  1020 cm . The d i sc repanc ie s  caused by t h e  dev ia t ions  from 
blackbody behavior  of our  r e f e rence  blackbodies  appear t o  be most s e r i o u s  
i n  ca ses  of very  h igh  sample emit tance.  
D. MIXTURES OF MINERALS 
The e x c e l l e n t  f i t s  ob ta ined  dur ing  t h e  c u r r e n t  y e a r ' s  work 
p a r t i c u l a r l y  f o r  t h e  coa r se -pa r t i c l e  theory  suggested t h a t  we a r e  now 
ready t o  t e s t  t h e  mixing r u l e s  developed i n  t he  pas t .  It should be re-  
c a l l e d  t h a t  our  theory h a s  always been s t r u c t u r e d  t o  provide r e s u l t s  f o r  
mixtures  as we were convinced t h a t  t h i s  i s  necessary  f o r  n a t u r a l  mate- 
rials. The mixing r u l e s  have been used i n  t he  p a s t  i n  o rde r  t o  r ep re sen t  
a mixture of t h e  two s e t s  of o p t i c a l  cons t an t s  t h a t  p e r t a i n  f o r  u n i a x i a l  
c r y s t a l s .  While, as shown above, t h i s  is  n o t  a s t r i c t l y  c o r r e c t  method 
of r ep re sen t ing  b i r e f r ingence ,  i t  has s u f f i c e d  t o  t h i s  p o i n t  and is  
u n l i k e l y  t o  make any major changes i n  t h e  t h e o r e t i c a l  r e s u l t s .  
Our f i r s t  experimental  mixtures  of minerals  were two mixtures  
of qua r t z  and corundum. The experimental  s p e c t r a  a r e  shown i n  Figure 29a 
and t h e  t h e o r e t i c a l  s p e c t r a  i n  29b. The t h e o r e t i c a l  s p e c t r a  were com- 
puted us ing  t h e  volume f r a c t i o n s  and p a r t i c l e  s i z e s  taken from t h e  
experiment. A s  can be seen ,  t h e  agreement between experiment and theory  
f o r  t h e  1:l mixture by volume is  remarkable. The o t h e r  mixture shows 
more of t h e  qua r t z  spectrum than  t h e o r e t i c a l l y  p red ic t ed  and i s  poss ib ly  
t h e  r e s u l t  03 incomplete mixing. 
Figure 30 shows t h e  r e s u l t s  of a mixture of qua r t z  and garne t .  
A s  t h e  f ine-quar tz  sample used i s  poorly f i t t e d  by t h e  coa r se -pa r t i c l e  
theory ,  we have n o t  shown t h e  t h e o r e t i c a l  f i t .  The f i n e - p a r t i c l e  theory 
Arthur D Little, 1nc. 
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f i t s  t h e  spectrum of t hese  qua r t z  p a r t i c l e s  b e t t e r  i n  some reg ions  so  
t h a t  an adequate f i t  r e q u i r e s  t he  completion of ou r  work on b r idg ing  
t h e  two t h e o r i e s .  
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V. CONCLUSIONS 
The c u r r e n t  y e a r ' s  work has  provided s i g n i f i c a n t  improvements 
i n  theory  of r e f l e c t a n c e  of p a r t i c u l a t e  m a t e r i a l s .  These improvements 
i nc lude  some s i m p l i f i c a t i o n  of t h e  previous theory by r e d e f i n i t i o n  of 
t h e  d i f f u s e  i n t e n s i t y  i n  t h e  sample, thereby pe rmi t t i ng  t h e  omission of 
t h e  s u r f a c e  terms. They a l s o  t ake  i n t o  account t h e  e f f e c t s  of t h e  f i n i t e  
depth of p e n e t r a t i o n  of r a d i a t i o n  i n t o  i n d i v i d u a l  p a r t i c l e s  i n  both the  
coarse-  and f i n e - p a r t i c l e  t h e o r i e s .  Furthermore, a  con tac t  f a c t o r  based 
on wave i n t e r f e r e n c e  e f f e c t s  i n  t h e  gaps between p a r t i c l e s  has  been 
derived.  This  f a c t o r  provides  a  b e t t e r  t r a n s i t i o n  between t h e  coarse- 
and f i n e - p a r t i c l e  regimes i n  t h a t  i t  gradual ly  al lows wave o p t i c  effects 
t o  moderate t he  s t r i c t l y  geometr ica l  o p t i c  approach of t h e  coa r se -pa r t i c l e  
theory.  These changes have r e s u l t e d  i n  a  t h e o r e t i c a l  model t h a t  f o r  t h e  
f i r s t  t ime p r e d i c t s ,  a t  l e a s t  q u a l i t a t i v e l y ,  t h e  c o r r e c t  t r end  of a l l  
r e f l e c t i o n  f e a t u r e s  w i th  p a r t i c l e  s i z e .  A t  t h e  p re sen t  t ime t h e  theory 
i s  unable t o  c o r r e c t l y  produce t h e  shape of t h e  r e f l e c t a n c e  spectrum i n  
t h e  reg ion  of anomalous d i spe r s ion  where n << 1. However, s u r p r i s i n g l y ,  
a f i t  t o  t h e  experimental  spectrum can be  obta ined  wi th  a s imple d i p o l e  
s c a t t e r i n g  mode. This  model needs f u r t h e r  i n v e s t i g a t i o n .  
The experimental  r e s u l t s  on a  v a r i e t y  of samples have l e d  us 
t o  conclude t h a t  t h e  p re sen t  coa r se -pa r t i c l e  theory  is  app l i cab le  down 
t o  d Q A. While t h e  c u r r e n t  f i n e - p a r t i c l e  theory produces some of t h e  
f e a t u r e s  observed i n  t he  experimental  d a t a ,  i t  c l e a r l y  needs f u r t h e r  
modi f ica t ion  p a r t i c u l a r l y  i n  o rde r  t o  account proper ly  f o r  t h e  r e f l e e -  
tance  l e v e l .  
High r e s o l u t i o n  measurements on d i f f e r e n t  s i z e s  of qua r t z  and 
corundum powders ( t h e  l a t t e r  having both p l a t e l e t  and chunky shapes)  
have been c a r r i e d  out .  The p a r t i c l e  shape does no t  appear t o  have a 
s u b s t a n t i a l  e f f e c t  on t h e  spectrum. The l a r g e s t  corundum p a r t i c l e s  
( 1 2 2 ~ )  show t h e  presence of t he  s c a l l o p  f e a t u r e  p rec ious ly  observed only 
wi th  f i n e r  p a r t i c l e s .  We have a l s o  run samples of g l a s s  spheres  and 
7 4 
Arthur D Little, lnc 
ga rne t  powders i n  o rde r  t o  t e s t  t h e  a p p l i c a b i l i t y  of t h e  theory t o  t h e  
s impler  cases  of m a t e r i a l s  wi thout  b i r e f r ingence .  For t h e s e  samples, 
we found i t  necessary  t o  o b t a i n  o p t i c a l  cons t an t s  by f i t t i n g  observed 
specu la r  r e f l e c t a n c e  measurements u s ing  c l a s s i c a l  d i spe r s ion  theory.  
The p re sen t  coa r se -pa r t i c l e  theory g ives  a good f i t  t o  t h e  g l a s s  
spheres  and t h e  l a r g e r  p a r t i c l e  s i z e s  of garne t .  
F i n a l l y ,  we have made experimental  measurements on s e v e r a l  
mixtures  of minerals  and have shown t h e  coa r se -pa r t i c l e  theory  i s  
capable of p r e d i c t i n g  t h e  r e s u l t a n t  spectrum. 
Arthur D Little, lnc. 
V I .  SUGGESTIONS FOR FUTURE WORK 
W e  b e l i e v e  t h a t  f u t u r e  work should b e  d i r e c t e d  towards: 
1. Understanding t h e  d i sc repanc ie s  between theory  and experiment i n  t h e  
s p e c t r a l  reg ions  of n  << 1. 
2. Refinement of t h e  theory t o  g ive  a more q u a n t i t a t i v e  account of t h e  
p a r t i c l e - s i z e  dependence of t h e  powder spectrum. 
3. Refinement of t h e  f i n e - p a r t i c l e  theory  t o  t ake  account of clumping 
phenomena. 
4. Fur the r  t h e o r e t i c a l  work on t h e  p r e c i s e  form of t h e  c r i t e r i o n  t o  be 
used i n  merging t h e  coarse- and f i n e - p a r t i c l e  t h e o r i e s .  
5. A more complete a n a l y s i s  of t h e  e f f e c t s  of b i r e f r ingence  on t h e  
spectrum. 
6. Development of a q u a n t i t a t i v e  method of . cor rec t ing  observed d a t a  
f o r  t h e  e f f e c t  of temperature g rad ien t s .  
7. Appl ica t ion  of t h e  theory  of r e f l e c t a n c e  t o  t h e  u l t i m a t e  problem 
of a n a l y s i s  of  t h e  spectrum of an  unknown mixture.  
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V I I .  APPENDIX 
A. DATA REDUCTION PROCEDURE 
The s p e c t r a l  emir tance E (v) of t h e  sample i s  t h e  s p e c t r a l  
S 
rad iance  Ns(v) of t h e  sample d iv ided  by t h e  s p e c t r a l  rad iance  Bs(v) of 
a blackbody a t  t h e  same temperature a s  t h e  sample. W e  c a l c u l a t e  B (v) 
S 
from t h e  Planck func t ion  us ing  t h e  i n f e r r e d  s u r f a c e  temperature of t he  
sample. We determine N (v) from t h e  measured output  spectrum Es(v) of 
S 
t h e  sample by means of t h e  instrument  t r a n s f e r  func t ion  and a c o r r e c t i o n  
f o r  r a d i a t i o n ,  from t h e  environment, t h a t  is  r e f l e c t e d  from t h e  sample. 
The t r a n s f e r  func t ion  r e l a t e s  radiance N(v) t o  s p e c t r a l  output  
vo l t age  E(v) obta ined  by Four ie r  t ransformat ion  of t h e  interferogram. 
We assume t h a t  t h e  formula is  l i n e a r  and of t h e  form 
where N , t h e  i npu t  rad iance  t h a t  produces zero output  s i g n a l ,  is  equal  
0 
t o  t h e  rad iance  of t h e  instrument  i n  t h e  d i r e c t i o n  towards t h e  sample. 
To determine N and R we r ep lace  t h e  sample succes s ive ly  by two black- 
0 
bodies  a t  temperatures  T and T Then, from (Al) 1 2 ' 
where E E a r e  t h e  emi t tances  of t he  "blackbodies," which al low f o r  1' 2 
small depa r tu re s  from p e r f e c t  blackbody behavior .  
From (A2) and (A3) we o b t a i n  f o r  R ( v )  and No(v): 
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and 
1 1 N (v)  = - [ E  B + c2 B2 - -(E + E2)]  
0 2 1 1  R 1 
where E E2, E ~ ,  B1, B2 a r e  func t ions  of v. 1 ' 
With t h e  sample i n  p l ace  we can now determine t h e  n e t  rad iance  
N of t h e  sample from t h e  measured s p e c t r a l  ou tput  Es by means of E q  ( A l ) :  
S 
where R and No a r e  known from (A4) and (A.5). 
On combining (A4) -(A6) we can express  Ns d i r e c t l y  i n  terms of  
t h e  measured q u a n t i t i e s  E 1 ' E2 ,  and Es: 
F i n a l l y ,  t h e  emit tance E of t h e  sample is  computed from t h e  
s 
f ormula 
which was der ived  i n  ou r  previous r e p o r t s .  Here B i s  t h e  rad iance  b 
of t he  c a v i t y  (assumed t o  be a blackbody) a t  temperature T surrounding b 
t h e  sample, B is t h e  rad iance  of t h e  in t e r f e rome te r  a p e r t u r e  ( a l s o  
0 
assumed t o  be a blackbody a t  temperature T o ,  BS is  t h e  Planck func t ion  
7 8 
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f o r  t he  temperature T of t h e  sample, and R is  t h e  s o l i d  angle  subtended 
s 
a t  the  sample by t h e  in t e r f e rome te r  ape r tu re .  The c a v i t y  w a l l s  a r e  
coated wi th  3 M  b lack  p a i n t  which toge the r  wi th  m u l t i p l e  r e f l e c t i o n s  
should make i t  an almost p e r f e c t  blackbody. 
I n  t h e  d a t a  reduct ion  up t o  t h e  p re sen t  w e  have assumed t h a t  
t h e  blackbodies  a r e  indeed b lack ,  so  t h a t  = E~ = 1. We now be l i eve  
t h a t  t h i s  i s  n o t  s t r i c t l y  t r u e  a t  a l l  wavelengths s o  t h a t  t he  proper  
va lues  of E and E should be measured and i n s e r t e d  i n  ( A 4 )  and (A5). 1 2 
It i s  of i n t e r e s t  t o  c a l c u l a t e  t h e  e r r o r  i n  t he  determinat ion 
of E~ due t o  an e r r o r  i n  t h e  e s t ima t ion  of t he  s u r f a c e  temperature of t h e  
sample. To do t h i s  we neg lec t  t h e  smal l  t e r m  fl/n i n  (A8) ,  s o  t h a t  
On d i f f e r e n t i a t i n g  t h i s  express ion  wi th  r e spec t  t o  B we  o b t a i n  
S 
where T and T a r e  t h e  sample and c a v i t y  temperatures ,  r e spec t ive ly .  
s b 
This  express ion  shows t h a t  t h e  r e l a t i v e  e r r o r  i n  E i s  equal  t o  t he  e r r o r  
s 
i n  t h e  e s t ima t ion  of T r e l a t i v e  t o  t h e  temperature d i f f e r e n c e  between 
S 
t h e  sample and t h e  cav i ty .  Since our  de te rmina t ion  of T by means of t h e  
S 
embedded thermocouples agrees  w i t h i n  about 0.5"C wi th  t h e  temperature 
obta ined  by f i t t i n g  t h e  spectrum t o  E = 1 a t  t h e  p r i n c i p a l  Chr is t iansen  
S 
frequency and s i n c e  T -T is  about 15OC under condi t ions  of low tempera- 
s b  
t u r e  g rad ien t  i n  t h e  sample, A E ~ / E ~  is of t h e  o rde r  of 3%. In  t h e  case  
of low thermal conduc t iv i ty  of t h e  sample, a s  occurs  f o r  an evacuated 
powder, t h e  sample s u r f a c e  temperature w i l l  be  l i m i t e d  by t h e  maximum 
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pe rmis s ib l e  h e a t e r  temperature.  I n  such cases  T i s  lower,  i . e . ,  c l o s e r  
S 
t o  Tb, and t h e  e r r o r  i n  E is  l a r g e r .  
S 
B. EFFECT OF A TEMPERATURE GRADIENT I N  THE POWDER 
I f  a temperature g rad ien t  i s  p r e s e n t  i n  t h e  powder, t h e  Kubelka- 
Munk equat ions  f o r  t h e  ingoing and outgoing r a d i a t i o n  i n t e n s i t i e s  I and J 
must be modified by t h e  a d d i t i o n  of a v a r i a b l e  volume emission term 
KB ( A ,  x) . The equat ions  then  have t h e  f  o m  
where B i s  t h e  Planck blackbody func t ion  and the  coord ina te  x i s  measured 
inward from t h e  s u r f a c e  of t h e  powder. 
W e  assume t h a t  B v a r i e s  l i n e a r l y  wi th  x nea r  t h e  s u r f a c e  of t h e  
powder over  d i s t a n c e s  of t h e  o rde r  of t h e  mean f r e e  pa th  of t h e  r a d i a t i o n ,  
i .e . ,  
where B B '  a r e  t h e  blackbody func t ion  and i t s  d e r i v a t i v e  wi th  r e spec t  
S '  s 
t o  x corresponding t o  t h e  temperature T a t  t h e  s u r f a c e  of t h e  powder 
S 
(x  = 0) .  
Under t hese  cond i t i ons  t h e  s o l u t i o n  of t h e  p a i r  of simultaneous 
equat ions  (Bl) and (B2) is  
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where A i s  an i n t e g r a t i o n  cons tan t  t o  be eva lua ted  by t h e  boundary con- 
d i t i o n  a t  x = 0, R is  t h e  volume r e f l e c t a n c e  of t he  powder, and y i s  
v 
t h e  e x t i n c t i o n  c o e f f i c i e n t .  These q u a n t i t i e s  a r e  given by 
W e  assume t h a t  t h e  powder i s  surrounded by a blackbody enclo-- 
s u r e  a t  temperature T f o r  which t h e  Planck func t ion  is  Bb. Then i n  t h e  b 
absence of F re sne l  r e f l e c t i o n  a t  t h e  su r f ace  of t h e  powder t h e  boundary 
condi t ion  a t  x = 0 is  
Therefore,  from ( B 4 ) ,  
The n e t  rad iance  from t h e  powder is  t h e r e f o r e ,  from (B5) ,  
where E~ is  t h e  t r u e  emit tance of t he  powder. 
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I f  t h e  temperature g rad ien t  i s  ignored,  t h e  rad iance  i s  r e l a t e d  
t o  an e f f e c t i v e  emi t tance  E '  by t h e  formula 
s 
Here we have neg lec t ed  t h e  very  small e f f e c t  of t h e  a p e r t u r e  of t h e  i n t e r -  
ferometer .  On equat ing  t h e  two express ions  f o r  N we f i n d  f o r  t h e  e r r o r  
s 
i n  emi t tance  due t o  t h e  temperature g rad ien t :  
where we have set B' equa l  t o  ( a ~ / a T ) ~ ( d T / d x ) ~  
S 
Since 
we f i n d  t h a t  
Arthur D Little, lnc. 
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